Euler-Wallis Formula for sin(z)
The polynomial 2 — 1 posesses the roots z = e*527/" | =0,4+1,42,43,...
A factorization of z" brings us to:
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Where z complex and k,n natural. If only odd values are allowed for n, then:

(n—1)/2 _ _
M= (Z . 1) H (Z . 6+z.k‘2ﬂ'/n) (Z - 672.k‘27r/n)
k=1

(n—1)/2 )
=¢-1 [ |[*- Wit
(Z ) |:Z 2z cos ( > :|

k=1

The geometric series is recognized in:
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For z — 1 it reads:
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On the other hand:
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So for z — 1 we infer, a result to remember:
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By replacing in the general formula z — z/a and multiplying by o™ we obtain
a slightly more general result:
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We now insert z — (1 + z/n) and a — (1 — z/n). This gives:
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With the result you’re supposed to remember:
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The factor [1 + cos(k.2m/n)] /[1 — cos(k.2m/n)] shall be simplified with help of
well-known trigonometric formulas for the cosine of a double angle:
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The tangent only assumes values here for 0 < k.w/n < 7/2. Therefore define
the following monotonic function 7' on the positive reals:

Resulting in:
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Giving that the rightmost product in the following expression will be equal to
one, because k.w/n > 7/2 and hence T'(k.w/n) = 0 at that place. This allows
for writing as an infinite product:
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Now it’s just a calculus exercise to show that:
nlingo T(k.w/n) = T}ergo % = ilino [ﬁ} cos(A) =1



The limit of the product is the product of the limits:
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Replacing z — i.7w.z , we finally obtain the Euler-Wallis formula:
sin(m.z) = m.z H <1 - ﬁ)
k=1
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