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It is shown in this article that a complex function f = u + iv is complex
differentiable to z = x 4+ iy if and only if it is real differentiable at z and if the
partial derivatives of u and v to x and y obey the so called Cauchy-Riemann
Equations: du/0x = Ov/0y and du/dy = —0v/dx .

Two special cases

The complex derivative f’(z) of a complex function f(z) with z complex is
defined as follows (with Az complex as well).

Az—0 Az

A complex function can always be written in real valued components (x, y, u, v)
as:

f(z) =u(z,y) +iv(x,y) where z=2x+1iy
Complex differentiation is independent of the direction, the way z approaches
zero. Two special cases are distinguished: differentiation in the z-direction and
differentiation in the y-direction. In the z-direction it is found that Az = Az
and the complex derivative is:

iy u(@t+ Azyy) —u(z,y) +ifv(z 4+ Az,y) —v(z,y)]  Ou o Ov
File) = Alalcgo Ax T Oz + 2'39:

In the y-direction it is found that Az = i.Ay and the complex derivative is:

o uley+ Ay) —umy) iy + Ay —e(ey)] | du B
f(z) = Algl/IEO i.Ay N Z'8y * Ay

Two complex numbers are equal if and only if the real and the imaginary parts
are equal:

f’()—@+'@—_'a_u+@ _— @—@ nd @—_a_u
e T e Z'ay Oy dr Oy a dr Oy

These are the well-known Cauchy-Riemann equations. Conclusion: if a function
f = u+i.wis complex differentiable, then the real and imaginary parts v and
v of f satisfy the Cauchy-Riemann equations at z =z + 7.y .

Real Differentiable

The complex derivative f’(z) of a complex function f(z) with z complex is
defined as follows (with Az complex as well).

Az—0 Az




Consequently:
fz+Az)=f(z)+ f(2)Az  for z—0

A complex function can always be written in real valued components (x,y, u, v)
as:
f(z) =u(z,y) +iv(z,y) where z=2x+1iy

Consequently, for Az — 0 and Ay — 0 :
u(z + Az, y + Ay) +iv(x + Az, y + Ay) = u(x,y) + i.v(z,y)
+ [ (z,y) + i (z,y)] [Az +iAy] =
w(z + Az, y + Ay) = u(z,y) + v (z,y) Az — o' (z,y) Ay
v(z 4+ Az,y + Ay) = v(z,y) + ' (x,y) Az + v (z,y) Ay

Meaning that, if a function f = w4 i.v is complex differentiable at z = z +1i.y ,
then its real and imaginary parts (u,v) are real differentiable at (x,y) . On the
other hand it is known from real analysis that:

e+ Aoy -+ Ay) = ule,y) + GEA+ SEAY  for (Aa,Ay) - (0,0)
Ov Ov
v(x + Az, y + Ay) = v(z,y) + a—Aw + a—Ay for (Az,Ay) — (0,0)
T Y
This can only be consistent if the Cauchy-Riemann equations are indeed valid:
ou _Ov . o _ Ou
%_U’(l‘vy)_ay ) ax_v(x?y)_ ay

It is known from real analysis that a function f(z,y) is total differentiable
at (a,b) , if and only if the partial derivatives 9f/0x and O0f/dy exist in a
neighbourhood of (a, b) and both are continuous there. Thus making the picture
complete.

Independent of angle

The reverse question is: if the Cauchy-Riemann equations hold for the real and
imaginary parts of a complex function f, is f complex differentiable then? To
answer this question, let’s write the complex derivative with Az = r.e?® . The
reason is that the complex derivative must be independent of any (real) angle
0 while the (real) distance r from z + Az to z approaches zero. So this is what

we do: »

Remember that f(z) = u(z,y) + i.v(x,y) where z = x + 4.y . Also remember
the jewel formula by Euler e? = cos(6) + i.sin(6). Giving:

vy u(z+rcos(f),y + rsin(f)) — u(z,y)
f'(z) = lim rcos(0) + i.rsin(0)



v(z +rcos(),y + rsin(d)) — v(x,y)
rcos(0) + i.r sin(6)

+ ¢ lim
r—0

Given a real differentiable function g(x,y) , for (h,k) — 0 , by definition (of
just being real differentiable):

0 0
g(m,y>h+a—j<

g($+h7y+k)—g(x7y)=% z,y)k

With g = (u,v) and [h, k] = [rcos(f), rsin(6)] :
Ou/ox.r cos(f) + Ou/dy.rsin(0)

!/ — 1
Fz) r0 rcos(f) + i.rsin(6)
i lim Ov/dz.1 cos(6) —l—‘@v/.ay.r sin(6)
r—0 rcos(f) + i.r sin(0)

Actually taking the limit for » — 0 is easy:

Ou/0x. cos(8) + du/dy. sin(6) iy O0v/0x. cos(0) + dv/dy. sin(0)

f'(z) = cos() + isin(f) ! cos() + isin(6)

Substitute herein the Cauchy-Riemann equations (by a copy and paste from the
preceding subsection):

ou_ov o0 ou
or Oy dr Oy
Just doit:
£(2) = Ou/0x. cos(f) — dv/dz. sin() Ov/0x. cos(0) 4+ Ou/dz. sin(6)
4= cos(f) + isin(6) ' cos(f) + isin(6)
Ou cos(0) +isin(f) . Qv cos(f) +isin(0) Ou . Ov
! et S A A I N e S - il
Fe) = Oz cos(0) + isin(h) T Ox cos(f) +isin(f) Oz T Ox

Which indeed is independent of any angle 8 . Therefore, if the function f =
u~+1.v is real differentiable at z = z+i.y and if the partial derivatives of u and v
to x and y obey the Cauchy-Riemann Equations, then the complex derivative of
f is independent of the direction in which we differentiate. But this is precisely
what we mean by the phrase ”complex differentiable”.
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