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ourselves to some classical results on the prime divisor counting function w(n) which
were discovered in the first half of the 20th century. Nowadays, these facts are
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Chapter 1

Introduction

Instead of probabilistic number theory one should speak about studying arithmetic
functions with probabilistic methods. First approaches in this direction date back to

e GAUss, who used in 1791 probabilistic arguments for his speculations on the
number of products consisting of exactly k distinct prime factors below a given
bound; the case k = 1 led to the prime number theorem (see [10], vol.10, p.11)
- we shall return to this question in Chapter 16;

e CESARO, who observed in 1881 that the probability that two randomly chosen
integers are coprime is < (see [1]) - we will prove this result in Chapter 4.
In number theory one is interested in the value distribution of arithmetic functions
f : N — C (i.e. complex-valued sequences). An arithmetic function f is said to be
additive if

fm-n)=f(m)+ f(n)  for  ged(m,n)=1,

and f is called multiplicative if
fm-n) = f(m)- f(n)  for  ged(m,n)=1;

f is completely additive- and completely multiplicative, resp., when the con-
dition of coprimality can be removed (the symbol ged(m,n) stands, as usual, for
the greatest common divisor of the integers m and n). Obviously, the values of
additive or multiplicative functions are determined by the values on the prime pow-
ers, or even on the primes when the function in question is completely additive or
completely multiplicative. But prime number distribution is a difficult task.

We shall give two important examples. Let the prime divisor counting func-
tions w(n) and (n) of a positive integer n (with and without multiplicities, resp.)



be defined by
w(n) = Z 1 and Qn) = Zy(n;p),
pln pln

resp., where v(n; p) is the exponent of the prime p in the unique prime factorization

of n:
n = H p”("%P);
p

here and in the sequel p denotes always a prime number (we recall that p|n means
that the prime p divides the integer n, and when this notation occurs under a product
or a sum, then the product or the summation is taken over all p which divide n).
Obviously, n is a prime number if and only if Q(n) = 1. Therefore, the distribution
of prime numbers is hidden in the values of Q(n).

We note

Lemma 1.1 w(n) is an additive, and 2(n) is a completely additive arithmetic func-
tion.

Exercise 1.1 (i) Prove the lemma above.

(ii) Give examples of multiplicative and completely multiplicative arithmetic func-
tions.

When we investigate arithmetic functions we should not expect ezact formulas.
Usually, the values f(n) are spread too widely. For example, EULER’s totient ¢(n)
counts the number of prime residue classes mod n:

o(n):=t{1<a<n: ged(a,n)=1}.

It was proved by SCHINZEL [26] that the values elntl) )y e N, lie everywhere dense

e(n)
on the positive real axis. Further, it is easy to see that
(1.1) lim inf #ln) =0 and lim sup #ln) = 1.
n—o0 n n—00 n

Exercise 1.2 (i) Prove the identity

1
o(n) =n]] (1— —) .
pln p

In particular, p(n) is multiplicative.

(Hint: remind that am + bn runs through a complete residue system mod mn
when a and b run through complete residue systems mod n and mod m, resp.,
if m and n are coprime; see for this and for some basics on congruences and
residues [14], §V.)



(ii) Prove formulae (1.1).
(Hint: make use of formula (2.3) below.)

(#ii) Try to find lower and upper bounds for w(n) and Q(n).

In our studies on the value distribution of arithmetic functions we are restricted
to asymptotic formulas. Hence, we need a notion to deal with error terms. We write

flx) =O(g(z))  and  f(z) < g(2),

resp., when there exists a positive function g(z) such that

- |f(@)]
e

exists. Then the function f(z) grows not faster than g(z) (up to a multiplicative
constant), and, hopefully, the growth of the function g(z) is easier to understand
than the one of f(x), as ¢ — oo. This is not only a convenient notation due to
LANDAU and VINOGRADOV, but, in the sense of developping the right language, an
important contribution to mathematics as well.

We illustrate this with an easy example. What is the order of growth of the
truncated (divergent) harmonic series

Z_

n<x

as x — 0o? Obviously, for n > 2,

1 n d¢ 1
Lopd L
n n-1 t n—1

Denote by [z] the maximum over all integers < z, then, by summation over 2 < n <

2],
[”“‘] 1 /[xl dt i: 1
n

n= 27?, n=1

Therefore integration yields

(1.2) Z / L 031) =logz + O(1);

n<z
here and in the sequel log denotes always the natural logarithm, i.e. the logarithm
to the base e = exp(1). We learned above an important trick which we will use
in the following several times: the sum over a sufficiently smooth function can be
considered - up to a certain error - as a Riemann sum and its integral, resp., which
is hopefully calculable.



Exercise 1.3 Prove for x — oo that
(i) the number of squares n* < x is \/z + O(1);
(ii) logx < z° for any € > 0;
(i1i) =™ < exp(x) for any m > 0;
() Ypcxn = 32%+ O(z).

We return to number theory. In 1917 HARDY and RAMANUJAN [13] discovered
the first deep result on the prime divisor counting function, namely that for fixed

§€(0,3) and N >3

(1.3) %ﬂ{n < N : |w(n) —loglogn| > (loglogn)z+} < floglog N2
Since the right hand side above tends to zero, as N — oo, the values of w(n) with
n < N are concentrated around loglogn (the set of integers n, for which w(n)
deviates from loglogn, has zero density, in the language of densities; see Chapter
2). For example, a 50-digit number has on average only about 5 distinct prime
divisors!

Moreover, HARDY and RAMANUJAN proved with similar arguments the corre-
sponding result for ©(n). Unfortunately, their approach is complicated and not
extendable to other functions. In 1934 TURAN [31] found a new proof based on the
estimate

(1.4) > (w(n) —loglogn)* < Nloglog N,

n<N

and an argument similar to CEBYSEV’s proof of the law of large numbers in prob-
ability theory (which was unknown to the young TURAN). His approach allows
generalizations (and we will deduce the HARDY-RAMANUJAN result (1.3) as an im-
mediate consequence of a much more general result which holds for a large class of
additive functions, namely the TURAN-KUBILIUS inequality; see Chapter 6). The
effect of TURAN’s paper was epoch-making. His ideas were the starting point for
the development of probabilistic number theory in the following years.

To give finally a first glance on the influence of probabilistic methods on number
theory we mention one of its highlights, discovered by ERDOS and KAc [7] in 1939,
namely that w(n) satisfies (after a certain normalization) the GAUSSian error law:

.1 w(n) — loglog N 1 = 72
15 lim —#{n <N <zb= —/ ~L) ar
(1.5) N Nﬂ{n_ log log N =" V27 _ooexp 2 !
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Therefore, the values w(n) are asymptotically normally distributed with expectation
loglogn and standard deviation +/loglogn (this goes much beyond (1.3); we will
prove a stronger version of (1.5) in Chapter 13).

This classical result has some important implications to cryptography. For an
analysis of the expected running time of many modern primality tests and factor-
ization tests one needs heuristical arguments on the distribution of prime numbers
and so-called smooth numbers, i.e. numbers which have only small prime divisors
(see [27], §11).

For a deeper and more detailed history of probabilistic number theory read the
highly recommendable introductions of [6] and [18].



Chapter 2

Densities on the set of positive
integers

It is no wonder that probabilistic number theory has its roots in the 1930s. Only
in 1933 KOLMOGOROV gave the first widely accepted axiomization of probability
theory.

We recall these basics. A probability space is a triple (2, B, P) consisting of
the sure event 2 (a non-empty set), a o-algebra B (i.e. a system of subsets of (2,
for example, the power set of (2), and a probability measure P, i.e. a function
P : B — [0,1] satisfying

e P(Q) =1,
e P(A) >0 for all A€ B,
o P (U, A,) =322, P(A,) for all pairwise disjoint A, € B.

n=1

Then, P(A) is the probability of A € B. We say that two events A, B € B are
independent if
P(ANnB)=P(A) P(B).

Based on KOLMOGOROV’s axioms one can start to define random variables, their
expectations and much more to build up the powerful theory of probability (see [16]
for more details).

But our aim is different. We are interested to obtain knowledge on the value
distribution of arithmetic functions. The first idea is to define a probability law
on the set of positive integers. However, we are restricted to be very careful as
the following statement shows: by intuition we expect that the probability, that a
randomly chosen integer is even, equals %, but:



Theorem 2.1 There exists no probability law on N such that
1

(2.1) P(aN) = — (a € N),
a

where aN :={n € N : n=0mod a}.

Proof via contradiction. By the Chinese remainder theorem (see [14], §VIII.1), one
has for coprime integers a, b
aN N bN = abN.

Now assume additionally that P is a probability measure on N satisfying (2.1), then

P(aN N bN) — P(abN) — % _ P(aN) - P(bN).

Thus, the events aN and bN, and their complements
N, : =N\ aN and N, := N\ 0N,

resp., are independent. Furthermore

P(N, NN,) = (1 — P(aN))(1 — P(bN)) = (1 - _> (1 - g) .

By induction, we obtain for arbitrary integers m < x

(2.2) P({m})gp( N Np)— I (1_1>;

m<p<lx m<p<lx p

here the inequality is caused by m € N, for all p > m). In view to the unique prime
factorization of the integers and (1.2) we get

1 1 1
11 <1+5+E+...> zzgzlogx—i—O(l).

p<z n<x
Hence, by the geometric series expansion,
1 1
2.3 11— < — .
(2:3) pl;[x< p) ~ logx + O(1)

This leads with  — oo in formula (2.2) to P({m}) = 0, giving the contradiction. e

In spite of that we may define a probability law on N as follows. Assume that

> A=1 with 0<), <1,

n=1



then we set for any sequence A C N

P(A) =) A

neA

Obviously, this defines a probability measure. Unfortunately, the probability of a
sequence depends drastically on its initial values (since for any € > 0 there exists
N € N such that P({1,2,...,N}) > 1—¢).

To construct a model which fits more to our intuition we need the notion of
density. Introducing a divergent series

Y A=o00 with A, >0,

n=1

we define the density d(A) of a sequence A of positive integers to be the limit
(when it exists)

. Zn<x'n€A )\n
2.4 d(A) = lim =nsmneA 7
(2.4) (A) = lim SN

This yields not a measure on N (since sequences do not form a o-algebra, and
densities are not subadditive). Nevertheless, the concept of density allows us to
build up a model which matches to our intuition. Putting A, = 1 in (2.4), we obtain
the natural density (when it exists)

dA = lim lﬂ{ngx :ne A},

T—00

moreover, the lower and upper natural density are given by

1 — 1
QA:Ii%gglf;ﬂ{ngx :ne A} and dA:limsup;ﬁ{ngx :n € A},

T—00

respectively. We give some examples. Any arithmetic progression n = b mod a has
the natural density

corresponding to our intuition.

Exercise 2.1 Show that

(i) the sequence a1 < as < ... has natural density a € [0, 1] if, and only if,

..on
lim — = o
n—o0 an

(Hint: for the implication of necessity note that n =#{j : a; < an}.)
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(ii) the sequence A of positive integers n with leading digit 1 in the decimal expan-
ston has no natural density, since

We note the following important(!) connection between natural density and
probability theory: if v denotes the probability law of the uniform distribution
with weight % on {1,2,..., N}, ie.

L if n<N
vNA = Z)\n with )\n—{ N -
= 0 if n>N,

then (when the limit exists)
1
i = lim — < : = .
AP_I)I;OZ/NA ]\}I_I};O Nﬁ{n <N:ne A} =dA

Therefore, the natural density of a sequence is the limit of its frequency in the first
N positive integers as N — oo.

Setting A\, = = in (2.4), we obtain the logarithmic density
0A = li -
Jim, 1ng Z
nEA

the lower and upper logarithmic density are given by

0A = liminf

T—00 Og €

E — and 0A = limsu E —
n<x x_ﬂ)op Og z n<x
nEA nEA

respectively; note that the occuring logz comes from (1.2).
Exercise 2.2 Construct a sequence which has no logarithmic density.
The following theorem gives a hint for the solution of the exercise above.
Theorem 2.2 For any sequence A C N,

dA<SA<IA<dA

In particular, a sequence with a natural density has a logarithmic density as well,
and both densities are equal.

11



Before we give the proof we recall a convenient technique in number theory.

Lemma 2.3 (ABEL’s partial summation) Let Ay < A\ < ... be a divergent se-
quence of real numbers, define for a,, € C the function A(x) = 3y <, n, and let
f(z) be a complez-valued, continuous differentiable function for x > A\;. Then

> anf() = A()f(2) = [ A(u)f(u) du.

A<z A1

For those who are familiar with the RIEMANN-STIELTJES integral there is nearly
nothing to show. Nevertheless,

Proof. We have
A@)f@) = Y anfOn) = ¥ an(f@) — fO0) = 3 / anf!(u) du.

A<z An<z An<z ’An

Since \; < A\, < u < z, changing integration and summation yields the assertion. e

Proof of Theorem 2.2. Defining A(z) = 3°,<, ,c4 1, partial summation yields,
for x > 1,

25 L@ =Y +-A4@ /1 Al) g,

n T 12

n<x
neA

For any € > 0 exists a ty such that, for all ¢ > ¢,

QA—5§@<HA+5.

Thus, for x > tg,

(dA —¢)(logz — logty) = (dA — ) /x % < /lx Alt) dt,

to t2

and

z A(t todt  — e dt
/1 ()dtg/1 7+(d«4+5)/ T:(dA—i—E)(log:c—logto)—i—logto.

t2 to

In view to (2.5) we obtain

(dA —¢) (1— log“) o L) Al) _ @A+ o) (1_ 1ogt0> . logty

logz ) — logz «xlogx — log z logz

Taking lim inf and lim sup, as * — 0o, and sending then € — 0, the assertion of the
theorem follows. e

12



Exercise 2.3 Show that the existence of the logarithmic density does not imply the
existence of natural density.
(Hint: have a look on the sequence A in Exercise 2.1.)

Taking A\, = A, (0) =n"7 in (2.4), we define the analytic density of a sequence
A C N by the limit (when it exists)

1 1
2.6 lim — —
(2.6) im Z —

o—1+ (0’) ned

where

00 -1
@) =S o-T(1-5)
n=1" P p
is the famous RIEMANN zeta-function; obviously the series converges for s > 1
(resp., from the complex point of view, in the half plane Re s > 1). Note that
the equality between the infinite series and the infinite product is a consequence
of the unique prime factorization in Z (for more details see [30], §II.1). By partial
summation it turns out that one may replace the reciprocal of {(o) in (2.6) by the
factor o —1. We leave this training on the use of Lemma 2.3 to the interested reader.

Exercise 2.4 Write s = o + it with i :=+/—1 and o,t € R. Prove for ¢ > 0

()= [T

In particular, {(s) has an analytic continuation to the half plane o > 0 except for a
simple pole at s = 1 with residue 1.

(Hint: partial summation with Y- n_,<pn~°; the statement about the analytic con-
tinuation requires some fundamentals from the theory of functions.)

The analytic and arithmetic properties of ((s) make the analytic density very
useful for a plenty of applications. We note

Theorem 2.4 A sequence A of positive integers has analytic density if and only if
A has logarithmic density; in this case the two densities are equal.

A proof can be found in [30], §III.1.

We conclude with a further density, which differs from the above given exam-
ples, but is very useful in questions concerning the addition of sequences of positive
integers, defined by

A+B:={a+b:acAbc B}

13



The SCHNIRELMANN density is defined by

1
=1 — < . .
o(A) rlzgfl nﬁ{m <n:meA}
o (A) stresses the initial values in the sequence A. For the addition of sequences one
has MANN ’s tnequality

o(A+ B) > min{1,0(A)o(B)};

the interested reader can find a proof of this result and its implication to problems
in additive number theory (for example, WARING’s problem of the representation
of posiitve integers as sums of k-th powers, or the famous GOLDBACH conjecture
which asks whether each even positive integer is the sum of two primes or not) in
[12], §1.2.

As we will see in the sequel, the concept of density makes it possible in our
investigations on the value distribution of an arithmetic function to exclude ezxtremal
values, and to have a look on its normal behaviour.

14



Chapter 3

Limiting distributions of
arithmetic functions

We recall from probability theory some basic notions. A random variable on
a probability space (€2, B,P) is a measurable function X defined on €. When,
for example, Q@ = R, then the function F(z) := P(X(w) € (—o0,z]) contains a
lot of information about the random variable X and its values X(w),w € Q. A
distribution function is a non-decreasing, right-continuous function F¥ : R —
0, 1], satisfying

F(—o00)=0 and F(+o0)=1.

Denote by D(F) and C(F) the set of discontinuity points and continuity points of
F, respectively. Obviously, D(F) UC(F) = R. Each discontinuity point z has the
property F(z + ¢) > F(z — ¢) for any ¢ > 0 (the converse is not true). Write
D(F) = {z}, then the function

F(z) = ) (F(a) — F(z—))

2 <z

increases exclusively for z = z;, and is constant in any closed interval free of dis-
continuity points 2 (it is a step-function). If D(F) is not empty, then F is up to a
multiplicative constant a distribution function; such a distribution function is called
atomic. Obviously, the function F — F is continuous. A distribution function F is
said to be absolutely continuous if there exists a positive, LEBESGUE-integrable
function h with

15



Finally, a distribution function F is purely singular if F' is continuous with support
on a subset N’ C R with LEBESGUE measure zero, i.e.

/N dF(z) = 1.

We note:

Theorem 3.1 (Lebesgue) Each distribution function F' has a unique representa-
tion
F=a1F; + aoFs 4+ asFs,

where oy, (g, ag are non-negative constants with oy + as + ag = 1, and where Fy is
absolutely continuous, Fo is purely singular and F3 is atomic.

The proof follows from the observations above and the Theorem of RADON-
NIKoDYM; see [30], §II1.2 and [16], §28.

The next important notion is weak convergence. We say that a sequence {F,}

of distribution functions converges weakly to a function F if
lim F.(z) = F(z) for all 2z e C(F),
i.e. pointwise convergence on the set of continuity points of the limit.

We give an interesting example from probability theory (without details). Let
(X;) be a sequence of independent and identically distributed random variables with
expectation p and variance o € (0, 00). By the central limit theorem (see [16], §21),
the distribution functions of the sequence of random variables

1 n
Y, = X;—n
rno? (321 J ,U)

converge weakly to the standard Normal distribution

31  ®x) = #/_m exp (-%2) dr

(with expectation 0 and variance 1). In particular, we obtain for a sequence of
independent random variables X; with

P(X; = —1) = P(X; = +1) = %

for the random walk {Z,}, given by
Z() =0 and Zn+1 = Zn + Xn (n € N),

16



that

: Zn
(3.2) JLI&P <\/—ﬁ < x) = ®(z).
The distribution functions of the Z,, are atomic whereas their limit is absolutely
continuous. Note that one can construct BROWNian motion as a certain limit of
random walks; see [9], §VL.6.

We return to probabilistic number theory. An arithmetic function f : N — C
may be viewed as a sequence of random variables

fN = (f)l/N)

which takes the values f(n),1 < n < N, with probability +, i.e. the uniform
distribution v on the set {n : n < N}. The fundamental question is: does there
exist a distribution law, as N — oo ?

Therefore, we associate to an arithmetic function f for each N € N the atomic
distribution function

(33)  Fn(2) = unin : f(n) <2} — %ﬁ{n <N f(n) <2},

We say that f possesses a limiting distribution function F if the sequence F,
defined by (3.3), converges weakly to a limit F, and if F is a distribution function.
Then f is said to have a limit law.

An arithmetic function f is completely determined by the sequence of the asso-
ciated Fn, defined by (3.3). However, we may hope to obtain sufficiently precise
knowledge on the global value distribution of f when its limiting distribution func-
tion (when it exists) can be described adequately precise.

Important for practical use is the following

Theorem 3.2 Let f be a real-valued arithmetic function. Suppose that for any
positive € there exists a sequence a-(n) of positive integers such that

(i) lim. o limsupy .. d{n : a.(n) > T} =0,
(ii) lim. o d{n : |f(n) — f(a.(n))] > e} =0, and
(iii) for each a > 1 the density d{n : a.(n) = a} exists.

Then f has a limit law.

17



Before we give the proof we recall some useful notation. Related to the O-
notation, we write

f(z) = o(g(x)),

when there exists a positive function g(z) such that

im M =
A g(a)

In view to Exercises 1.2 and 1.3 do
Exercise 3.1 Show for any e >0
(i) logx = o(x®) and z¢ = o(exp(x)), as x — oo;
(i) “"1(25 =o(1), as n — oo.
We return to our observations on limit laws for arithmetic functions to give the

Proof of Theorem 3.2. Let ¢ = ¢(n) and T = T'(¢) be two positive functions
defined for n > 0 with

lim ¢(n) =0 and lim T'(e(n)) = oo

n—0+ n—0+
such that a{n : a.(n) > T} <n. Further, define

= > d{n:al(n)=a} and  F(z) = limsup F(z,n).
a<T(e) n—0
Hay=z

With F, given by (3.3), it follows in view to the conditions of the theorem that,
for any z € C(F),

Fn(:) < yHn <N - a(n) < T(0), flau(n) < = +¢)
+%ﬁ{n <N :ac(n)>T(e)}
+%ﬁ{n <N | f(n) - flac(n))| > €}

= Flz+em)+0(1),

as N — oo; recall that the notation o(1) stands for some quantity which tends with
N — 00 to zero. Therefore,

limsup Fn(2) < limsup F(z + £(n),n) = F(z),

N—oo n—0

18



and, analogously,

liminf Fn(2) > limsup F'(z 4+ €(n),n) = F(2);

N—oo n—0

here we used that F'(z,n) is non-decreasing in z, and that z € C(F). Thus, Fx con-
verges weakly to F', and by normalization we may assume that F is right-continuous.
Since

F(z) = lim Fn(z) for  zeC(F),

N—oo

we have 0 < F(z) < 1. For ¢ > 0 choose z € C(F) with z > max{f(a) : a <
T(e)} +e. Then f(n) > z implies either

ac(n) >T  or  |f(n) = fla:(n))| > e

In view to the conditions of the theorem the corresponding density 1 — F(z) tends
with n — 0+ to zero. This gives F(400) = 0, and F(—o00) = 0 can be shown
analogously. Thus F is a limiting distribution function. e

We give an application:
Theorem 3.3 The function &n"l possesses a limiting distribution function.

Sketch of proof. For ¢ > 0 let

ae(n) = H py(mp) =n- H p—ll(n;p).

pln;p<e2 pln;p>e—2
Therefore, one finds with a simple sieve-theoretical argument, for any a € N,

ﬂ{nSN:a— 11 p”(’“p)} = ﬁ{nSN;g_ II pv(n;p)}

pln; p<e=2 pln; p>e=2

— % (nge—a (1 — %) + 0(1))

(for details have a look on the sieve of ERATOSTHENES in [30], §1.4). Thus, condition
(iii) of Theorem 3.2 holds. Further,

) _sletr) 5~ 1

n a.(n)

19



which yields condition (ii). Finally,

1 12
> logac(n) <log—- >, > l/(n;p)<<x<10gg>,

n<N n<z pln;p<e=?

which implies (i). Hence, applying Theorem 3.2, yields the existence of a limiting
distribution function for 2%

—. @
n

For more details on EULER’s totient and its limit law see [17], §4.2. In Chapter
10 we will get to know a more convenient way to obtain information on the existence
of a limit law and the limiting distribution itself.
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Chapter 4

Expectation and variance

Now we introduce, similarly to probability theory, the expectation and the vari-
ance of an arithmetic function f with respect to the uniform distribtuion vn by

Bnlf) = [ =dBn(e) = 57 52 S0

and
V()= [ (e~ Bn() dEn() = 5 X (7(n) ~ Bn()"

resp., where Fy is defined by (3.3).
We give an example. In (1.1) we have seen that lim, . ﬂn"l does not exist.
Actually, if we replace %") by its expectation value En, then the corresponding

limit exists.

Theorem 4.1 (MERTENS, 1874) As N — oo,

> pln) _ %N+O(logN).

n<N n

In particular,
6
lim Ex <M> — = —0.6079....

N—oo n m

Moreover, we are able to give CESARO’s statement on coprime integers, mentioned
in the introduction. His interpretation of the theorem above is that the probability
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that two randomly chosen integers are coprime equals

Aah) €1 s poalad) =1} = fim By (H2E B 2 )
- s (20) = 5

Before we give the proof of Theorem 4.1 we recall some well-known facts from
number theory. The MOBIUS u-function is defined by

—1)“™ if w(n) =Q(n),
p(n) _{ (() ) otherivi)se. ")

Integers n with the property w(n) = Q(n) are called squarefree. p(n) vanishes
exactly on the complement of the squarefree numbers.

Exercise 4.1 (i) Prove that p is multiplicative.

(ii) Show

4y Sua={, 1"

else.
d|n

(Hint: use the multiplicativity of p.)

Proof of Theorem 4.1. Using (4.1), we find

p) =3 3 pld) =) X 1= uld).

a<n d|ged(a,n) din ad‘Sn din
a

This yields

Sh - SRR (o)

(4.2) ~ Ny i

Again with (4.1) we get

Do g = 2 a2 id) =1,



and therefore, in view to (2.7),

G

o )

It is well-known that ((2) = %; however, we sketch in Exercise 4.2 below a simple
proof of this classical result. Further, we have

Sa-lwoly)<w

d>N

as N — oo. Hence, in view to (1.2), we deduce from (4.2) the assertion. e

Exercise 4.2 (CALABI, 1993) Show that

o0

S = S [ wa [ S

m= 0
2

// _drdy _
0o 1— a2y 8

(Hint: for the last equality use the transformation x = ilor;’;,y = jgéz ),
2
and deduce ((2) =300, & =%

For a fixed complex number o we define the arithmetic function

-y

d|n
It is easily shown that o,(n) is multiplicative. We write traditionally
e divisor function: 7(n) = oy(n);
e sum of divisors-function: o(n) = o1(n).
Exercise 4.3 (i) Prove the identity o,(n) = n%o_4(n);
(i) Show
{ (1 +v(nip)) if a=0,
Ta(n) =

a(v(nip)+1) 1 .
[ ppai_l otherwise;

in particular, o,(n) is multiplicative.
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(iii) Prove, as N — 00,
5> 70 o)+ Ofog ),
n<N n

and deduce limpy_,oo EN ("(—n"l) = ’%—2.
(iv) What is imy_oo En(0_1(n))?
As we have seen above, the mean value % >n<n f(n) of an arithmetic function

f contains interesting information on the value distribution of f. In the following
chapter we will give further examples, but also draw down the limits.
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Chapter 5

Average order and normal order

We say that an arithmetic function f has average order g if g is an arithmetic
function such that
Sn<n f(n)

lim =—=———+-=1
N—o0 ZnSN g(n)

Obviously, the above limit can be replaced by the condition Ex(f) = Enx(g)(1 +
o(1)), as N — oo.
To give a first example we consider the divisor function.

Theorem 5.1 As N — oo,

> 7(n) = Nlog N + O(N).

n<N

In particular, T(n) has average order logn.

Proof. We have

AR

n<N

1—%(%+O(1)>.

IA
=z

In view to (1.2) we obtain the asymptotic formula of the theorem. Further,

N
> logn :/ logudu + O(log N) = Nlog N + O(N),
1

n<N
which proves the statement on the average order. e

With a simple geometric idea one can improve the above result drastically.
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Exercise 5.1 (DIRICHLET’s hyperbola method) Prove the asymptotic formula

> 7(n)=NlogN + (2y —1)N + O(N2),

n<N

where 7y is the EULER-MASCHERONI constant, given by

N 1 o) _
v = lim (Z——log]\f)—l—/ 4 Q[U]du:0.577....
1

N—oo el n u

(Hint: interpret the sum in question as the number of integral lattice points under
the hyperbola bd = N in the (b,d)-plane; the integral representation of v follows
from manipulating the defining series by partial summation.)

The situation for the prime divisor counting functions is more delicate.
Theorem 5.2 As N — oo,

> w(n) = Nloglog N + O(N).

n<N
In particular, w(n) has average order loglogn.

For the proof we need some information on the distribution of prime numbers; the
reader having a thorough knowledge of that subject can jump directly to the proof
of Theorem 5.2.

Theorem 5.3 (MERTENS, 1874) As z — oo,

> logp _ logz + O(1).

p<z

Sketch of proof. Let n € N. By the formula
n

(5.1)  wvnkp) =) ||

k>1 LP

we find

logn! = " v(nt: p) log p — Zzl ]mgp Zl ]logp—i—O( )

p<n p<n k>1 p<n
By the so-called weak STIRLING formula,

(5.2) logn! = nlogn —n+ O(log n),
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we obtain

53 3 m log p = nlogn + O(n).

p<n
2n n 1 if n<p<2n,
—| =2|—| = .
P P 0 if p<n,

we find, using formula (5.3) with n and with 2n instead of n,

Since

3 logp= S ([2—”] —2[gblogp—znlog(zn)—2~nlogn+0(n) < n.

n<p<2n p<2n p

Obviously, the same estimate holds with an arbitrary real = instead of n € N.
Furthermore,

(5.4) d(x):=> logp=>_ >  logp <.

p<z k>1 2%<P§2;€L_1

Now, removing the GAUSS brackets in (5.3), gives in view to the latter estimate the
assertion of the theorem. o

For the sake of completeness

Exercise 5.2 Prove

(i) formula (5.1);
(Hint: the p-exponent in n! is = Y ;51 k> e

n
v(m;p)=

1)

(ii) the weak STIRLING formula (5.2).
(Hint: express the left hand side by a sum and, up to an error term, an integral,
respectively. )

As an immediate consequence of MERTENS’ theorem we deduce

Corollary 5.4 As z — o0,

1
Z; = loglog z + O(1).

p<z

In particular, the set of prime numbers has logarithmic density zero: JP = 0.
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Proof. According to MERTENS’ theorem 5.3 let A(z) := > -, k’% = logz + O(1).
Then partial summation yields

1 Zlogp. 1 _A(x)+/2qu(u) du

1
e P = p logp logz (log u)?

1 z  du z  du
- vo(eks)+ L sty o ([ i)
+O<log:c>+ 2 ulogu+ (2 u(logu)2>

which gives the asymptotic formula. Consequently,

— 1 1 log 1
0P = lim sup Z—: lim ~8%8% _
asoo logx s p @7 logx

This proves the corollary. e
Now we are able to give the

Proof of Theorem 5.2. We have
N

SFOED SPRED o I EE D oERRLY)

n<N n<N pln p<N LP p<N P

Application of Corollary 5.4 yields the asymptotic formula of the theorem. The
statement on the normal order is an easy exercise in integration. e

Exercise 5.3 Prove

(i) As N — oo,
> Q(n) = Nloglog N + O(N);

n<N
(ii) Q(n) has average order loglogn.

Arithmetic functions do not necessarily take values in the neighbourhood of their
average orders. For example, a simple combinatorial argument shows that for any
neN

(5.5) 29 < 7(n) < 29,

Since w(n) and €2(n) both have average order loglogn, one might expect that 7(n)
has many values of order (logn)'°6? while its average order is logn. It seems that
the average order depends too much on extreme values to give deeper insights in the
value distribution of an arithmetic function.
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A fruitful concept in probability theory is the one of almost sure events. Accord-
ing to that we introduce now a notion which allows us to exclude extremal values
from our investigations on the value distribution of arithmetic functions. We say
that an arithmetic function f has normal order g if g is an arithmetic function
such that for any positive ¢ the inequality

[f(n) —g(n)| < elg(n)]
holds on a set of integers n € N with natural density 1; we may write equivalently
f(n)=(1+o0(1))g(n) almost everywhere.

This important notion was introduced by HARDY and RAMANUJAN in [13], and can
be seen as the first step towards using probabilistic concepts in number theory.

In terms of distribution functions the existence of a normal order can be seen
after a suitable renormalization as the convergence to a certain limit law: assuming
that f, g are positive arithmetic functions, then, f has a normal order g if, and only
if, the distribution functions

1
vnin s f(n) < z2-g(n)} = SH{n < N = f(n) < 2-g(n)}
converge weakly to the one-point step-function

1 if 1<z,
1[1’°°](Z) - { 0 else.

Therefore, normal order seems to be the right concept for studying the value distri-
bution of arithmetic functions with probabilistic methods.

We conclude with an easy example which is related to the above observations on
prime number distribution. Define the prime counting function by

m(z) = {p < x}.

Then the characteristic function on the prime numbers 1p(n) = 7(n) —7(n— 1) has
normal order 0. This follows from

Theorem 5.5 (CEBYSEV, 1852) As z — oo,

m(z) < gz

In particular, the set of prime numbers has natural density zero: dPP = 0.
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Proof. In view to (5.4),

d(z) = ) logp>logVa(n(z) — m(v/x)),

Vr<p<z
and therefore 20(x)
x x
() < +7(Vr) < )
log z log z
which proves the estimate in the theorem. Consequently,
_ 1
dP = lim sup M < lim =0,
z—00 X =00 log x

and the assertion about the natural density follows immediately.

Actually, CEBYSEV proved much more, namely that the estimate

log x

0.956... < m(z)—2L < 1.045. ...
x
holds for all sufficiently large x.
Exercise 5.4 (i) Prove that, as x — oo,
x
m(x) > gz’

(Hint: consider Y, p<s k’% for a sufficiently small o« > 0 with regard to

MERTENS’ theorem. )
Can you give explicit values for the implicit constants in the formula above as
well as in the one of Theorem 5.5

(ii) Show that, as N — oo,
1 1
~ 2 Q) —w(N)) = ) ———= +o(1).
N ,EV Zp: plp—1)
After having been conjectured by GAUSS in 1792 the celebrated prime number
theorem,

(5.6) m(x) = (1 +0(1))

log x’

was proved independently in 1896 by HADAMARD and DE LA VALLEE-POUSSIN; a
proof of this deep result can be found in [30], §I1.4; in Chapter 16 we will give an
unconvenient proof of an interesting generalization of the prime number theorem.
Note that we have not used deeper knowledge on prime number distribution - i.e.
CEBYSEV’s theorem 5.5 or even the prime number theorem - to prove the mean
value results of this chapter.
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Chapter 6

The TURAN-KUBILIUS inequality

Let {X;} be a sequence of random variables with expectation value EX; = p and
variance < M < oo, and let € > 0. Then the weak law of large numbers states that

P( 2%<%3
— 2n

which tends with n — 0o to zero. This is a fundamental result in probability theory,
justifying the frequency concept of probability. The weak law of lage numbers is an
immediate consequence of the CEBYSEV inequality

1 n
Ejlej —

[\

ag
P(X —EX|2¢) < T

which holds for any random variable X with finite variance o2. That means, in a

sense, that the best prediction for the value of a random variable is its expectation
value. This idea can be extended to additive arithmetic functions.

An additive arithmetic function f(n) is called strongly additive if f(p*) = f(p)
holds for all primes p and all positive integers k. For example, w(n) is strongly
additive whereas {2(n) is not strongly additive. If f is strongly additive, then

Bx() = 5 XS0 =5 L X100 -5 X 0|5

n<N n<N p|n p<N

p<N p<N

(6.1) - ¥ % +0 (% > f(p)) :

and we may expect that f(n) has many values of order Y°,«y %’).
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However, for an analogue of the CEBYSEV inequality we have to define for an
arithmetic function f

E(z) = Zf (1—1>,

k<x p

D(z) := (pkz F)P )

where D(z) is the non-negative root. These quantities can be interpreted as the
expectation and the deviation of f (but may differ from the expectation Ex(f) and
the root of the variance Vn(f) of our probabilistic model defined in Chapter 4).

Exercise 6.1 (i) Let f be a strongly additive function. Show that

)=y I +o(z M]).

p<N p<N p log p
(This should be compared with (6.1).)

(i) Show that log %") is strongly additive. Do the limits limpy_, Ex(log “’(”)) and
limy 00 E(V; log %n)) exist?

The following theorem gives an estimate for the difference of the values of
f(n),1 <n <z, from its expectational value E(x; f) in terms of its deviation D(z; f).

Theorem 6.1 (TURAN-KUBILIUS inequality, 1955) There ezists a function ()
with lim, . e(z) = 0 such that the estimate

62) - Z |f(n < (2+¢&(x))D()*

n<x

holds uniformly for all additive arithmetic functions f and real x > 2.

Proof. In the sequel we denote by g always a prime number. We define

2

N[=

4 4 _
(63) el =—| > pd| +—| X'
pkgl<a pk<ae
PF#q qlgx
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By Corollary 5.4,

(6.4) SopF Z + Z = loglogz + O(1),

pk<x p<z p k<ac
k>2

and, by CEBYSEV’s theorem 5.5,

Yi=Y Y <Y g =an() < —

2

¢<z q<xl<i gz 10g$
This yields
log log ©
Zp_kql<<x2 g 108 .
ol log
ql<a
Further,
T
ZPkQZZQZqul<<ZPkZ Z ql<<zpk x
pkgl<z pkgl<z prk<z P<QS%Z<10g(ﬂc/pk) pF<z p<g< %p
PF#q p>q PY '="Togq
< Z ™ ( )
k<1: p
which is, by CEBYSEV’s theorem and (6.4),
—k loglogx
log =

This gives in (6.3) the upper bound
loglog '\ ?
f) < (w) |
log z

which tends to zero as z — oo.
Without loss of generality we may assume that x € N.
First, assume that f is real and non-negative. Then

(6.5) —Z Zf Zf

n<x n<x n<z
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We have, by the additivity of f,

_Zf _ _Z Z f V(np V(n;q))

n<x n<12p|nq|n
= = Z f")? > 1+— S flp oL
k<1; n<z phgl<z n<z

v(n;p)=k p?gq u(n;p):kju(n;q):l

The first inner sum does not exceed 1% while the second inner sum is, by the
inclusion-exclusion principle,

tH{n < :v(np) =k,v(n;q) =1}

B T T T T
- gl o prtigl o prgitl + phtlghtt

1 1
< %(1——) (1——>+2.
prq VY q
Thus

(6.6) —Zf (z)? + E(z +—Zf

n<x k l<ac
p#q

Furthermore, we find

—Zf ZZf i) = Zf ) > L

n<x n<;z: p|n k<1; n<z
v(n;p)=k

The inner sum is bounded below by

ﬂ{ns:c:v(n;m—k}—[%]—[ﬁ]zi(l—l)—l,

from which we deduce that

—Zf 1 3 F@Y).

This and (6.6) give in (6.5)
01 YU - £ <DEP 42 Y f6R + 270 Y F)
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Note that the quadratic term £(z)? is cancelled. By the CAUCHY-SCHWARZ in-
equality, we obtain

(SIS

e = > Lt com (30
- ;
> ) = X f;g)m‘iﬁi?(x) >

N

fpk / ql E L

S i) = % LDt e | 5 gy
pkgl<z phgl<a P2 qz pFgl<z
P#q P#q P#q

This gives in (6.7)

68) 2 X0 - @) < (14 55@)) D@

n<zx

which is even stronger than the estimate (6.2) in the theorem (by a factor of 2).
Now assume that f is real-valued but takes values of both signs. Then we
introduce the functions f* defined by

(") = max{£f(p"), 0}.

Obviously, f = fT—f~. Since f* f~ vanishes identically, we have f2 = (f7)2+(f~)2,
and we obtain for 1 <n <z

D(z; f)* = D(x; ") +D(z; f)%
(f(n) = &(; ) (fT(n) = @@ f7) = (f~(n) = (23 f7)))
< 2(fF(n) = E(xs f1))? +2(f 7 (n) — E(x; f7))%
Thus, an application of the previous estimate (6.8) gives (6.2).
Finally, when f is complex-valued, then an application of the above estimate to

the real part and the imaginary parts of f seperately yield (6.2). The theorem is
proved. e

In 1983 KUBILIUS [19] showed that the constant 2 in the TURAN-KUBILIUS in-
equality can be replaced by %—1—0(1), and also that this is optimal. On the other side,
the corresponding probabilistic model gives an upper estimate with the constant 1,
which shows not only the similarity but also the discrepancy between probabilistic
number theory and probability theory; for details see [30], §III.4.
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Exercise 6.2 Deduce from the TURAN-KUBILIUS inequality, for sufficiently large
x, the estimate

S 1f) - AP 6D, where  A(r) = X

n<zx pk<l‘ pk
(Hint: use the CAUCHY-SCHWARZ inequality.)

In the following chapter we shall derive from the TURAN-KUBILIUS inequality
the celebrated HARDY-RAMANUJAN result (1.3) mentioned in the introduction.
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Chapter 7

The theorem of HARDY-RAMANUJAN

The expectation of an arithmetic function f is a good candidate for a normal order
of f. The TURAN-KUBILIUS inequality gives a sufficient condition for f(n) to have
normal order £(n; f) ~ En(f).

Theorem 7.1 Let f be an additive arithmetic function. If

as N — oo, then £(n) is a normal order for f(n).

Proof. Using the CAUCHY-SCHWARZ inequality, we obtain for vV N <n < N

5 f<p><1_%> <<( Sy |f(pk)|> |

k
n<pb<n P VN<p<n  pr<N P

EN) — En)] =

Using Lemma 5.4, we find

1
3 — = > = +0(1) =loglog N —loglog VN + O(1) < 1,
VN<p<n P VN<p<N

which gives above |E(N) — £(n)| < D(NV). Since the right hand side is under the
assumption of the theorem = o(E(N)), it follows that £(n) = E(N)(1+ o(1)) for all
n < N except at most o(N). To prove the assertion of the theorem we may use the
TURAN-KUBILIUS inequality to estimate, for any € > 0,

f(n) — E(N)
eE(N)

1 2

vnln : |f(n) —E(N)| > el€(N)[} < 5 >

n<N
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which is = o(1) by assumption. The theorem is proved. o

Now we apply our results to the prime divisor counting function w(n). In view
to Theorem 5.2 and Corollary 5.4 (resp. Exercise 6.1):

E(N;w) =loglog N + O(1) and D(N;w)? =loglog N + O(1).
The TURAN-KUBILIUS inequality yields TURAN’s estimate (1.4): since w(n) is non-
negative, we may use (6.8) to obtain
— Z —loglog N)? < loglog N + O(1).
n<N

Further, Theorem 7.1 gives the normal order of w(n), and we obtain immediately
the following improvement of (1.3):

Theorem 7.2 (HARDY+RAMANUJAN, 1917; TURAN, 1934) For any {(N) —
Oo?

v{n : |w(n) —loglog N| > £(N)y/loglog N} < ¢(N)~
and
d{n : |w(n) —loglogn| > &(N \/loglogN} =0.

In particular, loglogn is a normal order of w(n).
It is easy to do the same for Q(n).

Exercise 7.1 (i) Show that, for any &(N) — oo,

vn{n : |Q(n) —loglog N| > {(N)y/loglog N} < £(N
and deduce that Q(n) has normal order loglogn;

(i) calculate En(?) and VN(QY), and compare these values with E(N;) and
D(N; Q)%

We continue our discussion on the value distribution of the divisor function
started in Chapter 5. In view to (5.5) we get as an immediate consequence of the
HARDY-RAMANUJAN results on w(n) and Q(n)

Corollary 7.3 We have

)log 2+40(1)

7(n) = (logn almost everywhere.

In particular, log 7(n) has normal order log?2 - loglogn.
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That means that the divisor function 7(n) has a normal order different to its average
order logn. This is caused by some extraordinary large values of 7(n).
We say that an arithmetic function f has maximal order g if g is a positive
non-decreasing arithmetic function such that
n
lim sup M =1,
and we say that f has minimal order g if g is a positive non-decreasing arithmetic
function such that
n
lim inf M =0.
In (1.1) we have seen that the identity n +— n is both a minimal and a maximal
order for EULER’s p-function.

log 2-logn

Theorem 7.4 A mazimal order for log7(n) is SET 5.

Proof. By the multiplicativity of 7(n) (see Exercise 4.3),

r(n) = [IQ+v(np) < [T +w(n;p) [T 2707

o s 5
log2
logn x ( ) log x
< 1 vi\n;p
- ( * log2> Hp
pln
log2-1
< exp (x(Q +loglogn) + %) .
The choice z = m;’% yields

log2-1 loglogl
() < oxp (18221087 (| (logloglogm )\
loglogn loglogn
This shows that
. log 7(n) loglogn
imsuplog7(n) - ————
n—>oop & log?2-logn —

In order to prove that the above lim sup is also > 1 we have a look on integers with
many prime divisors. Denote by p; the jth prime number (ordered with respect to
their absolute value), and define ny = [[¥_; p; for k € N. Then 7(n;) = 2*, and

k

logng, = Zlogp < klog p.
j=1
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Since by Exercise 5.4
k
pr < O(p) = > _logp; = log ng,
j=1

where the implicit constant does not depend on k, we obtain

log 2 - log ny, >log2~lognk 140 1
logpr ~ — loglogmny loglogny ) )

log 7(ng) =k -log2 >

This shows the theorem. e

Via (5.5) Theorem 7.4 has also an effect on the prime divisor counting functions
(answering one question posed in Exercise 1.2):

Exercise 7.2 Show that

(i) w(n) has mazximal order ﬁgcg_nf

logn
log2

(ii) Q(n) has mazimal order
The value distribution of the divisor function is ruled by the arcsine law.

Theorem 7.5 (DESHOUILLERS+DRESS+TENENBAUM, 1979) Uniformly for x >
2,0<2<1,

1
7(n)

1= %arcsin\/g—i— O ((1ogx)_%) :

dln
d<n?

3

n<zx
Rewriting the asymptotic formula of the theorem, we have
1 2 : _1
=Y w{dn : d < n*} = —arcsiny/z 4+ O ((logx) 2) .
T 7

This shows that, on average, an integer has many small (resp., many large) divisors!
This can be proved by the SELBERG-DELANGE method, which we shall derive in
Chapter 15. Nevertheless, the proof is beyond the scope of this course; the interested
reader can find a detailed proof of this result in [30], §IL.5, IL.6.
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Chapter 8

A duality principle

The TURAN-KUBILIUS inequality has an interesting dual variant.

Theorem 8.1 (ELLiOTT, 1979) The inequality

2
1

Sy xn——(l—%)zxn < 24N Y fof?

i
PE<N n<N p n<N n<N
- k=v(n;p)

holds uniformly for all N, and complex numbers x,,1 <n < N.

This theorem has several nice consequences as, for example, in the theory of
quadratic residues. Let p be an odd prime, and assume that a € Z is not divis-
ible by p. Then we say that a is a quadratic residue mod p, if the congruence
X? = amod p is soluble; otherwise, a is called quadratic non-residue. ELLIOTT
proved for the least pair of consecutive quadratic non-residues modp, the upper

bound
< pi (1—% exp(—lO))—I—e

Y

where p > 5, and the implicit constant does not depend on p. For details and
much more on dual versions of the TURAN-KUBILIUS inequality, as for example
their appearance in the theory of the large sieve, see [6], §4.

For the proof of Theorem 8.1 we will make use of

Lemma 8.2 (Duality principle) Let (c,) be an N x R matriz with complex en-
tries, and let C' be an arbitrary positive constant. Then the following three inequal-
ities are equivalent:
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(i) for all x, € C,
2
<O ]

>

T

> Cnritn
n

(ii) for all x,,y, € C,

2
<CY e |yl

> Curnyy
n,r

(iii) for all y,. € C,
2
< CZ |yr|2'

>

n

>

Proof. It suffices to show the equivalence of (i) and (ii) (since the equivalence of
(ii) and (iii) follows by exchanging the indices r and n).
First, assume that (i) holds. Then, by the CAUCHY-SCHWARZ inequality,

2
> Crnyr SNy cwrn] <Y |yl s
< CZ|xn|QZ|yr|2'

For the converse implication assume that (ii) holds. Let L, := Y, cpray for
r < R. Then, applying (ii) with y, = L, yields

2 2

2
OARIETS DD I3
which implies (i). The lemma is proved. e

Proof of Theorem 8.1. Let f be an arbitrary additive function. For n € N put

% — _% — l 1 N =
r ::pk y  Yr &= f(flr) ) and Cpy 1= ' 1r (11 p) ! l/(n.’ p) k’
ra —r72 (1 — ;) otherwise.
This gives
T 1
f)-eN)= Y () - ﬂ%%)—z%%
Lomn, <N T p r<N



Thus, we can rewrite the TURAN-KUBILIUS inequality (6.2) as

2

< 2+o1)N > lyl*

r<N

>

n<N

> Crr

r<N

Since the g, are arbitrary complex numbers, application of Lemma 8.2 shows that

the inequality
2

< (24 0(1)N > |anl*

n<N

>

r<N

> ey

n<N

holds for arbitrary complex numbers z,. In view to the definition of the c¢,, the
assertion of the theorem follows. e

We conclude with an interesting interpretation of the dual form of the TURAN-
KUBILIUS inequality: since
N? 1 1
k
R~ and —|1——| ~=vn{n : v(n;p) =k},

kaN p p

we may deduce that every sufficiently dense sequence of integers x,, is well distributed
among the residue classes n = 0 mod p".

For deeper knowledge on the value distribution of arithmetic functions we have
to recall some facts from the beginnings of analytic number theory. The reader who
is familiar with these fundamentals may jump to Chapter 10.
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Chapter 9

DIRICHLET series and EULER
products

In probability theory many information on random variables can be derived by
studying their generating functions. The same concept applies to number theory as
well (and has even its origins there).

We write s = o+t with o, € R and 7 := y/—1, and associate to every arithmetic
function f : N — C its DIRICHLET series

if(?);

n

here n® is defined by n® = exp(s-logn). The prototype of such series is the RIEMANN
zeta-function (2.7). First, we consider these series only as formal objects. With
the usual addition and multiplication of series the set of DIRICHLET series form
a commutative ring isomorphic to the ring of arithmetic functions R, where the
multiplication is the convolution

(Fro)m) =3 fda (5).

d|n
and where the addition is given by superposition.

Exercise 9.1 (i) Prove the identities

opn) 1 Gem) (=1 K da()
ST S o T TS
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(i) verify that the set of arithmetic functions R is a commutative ring with (mul-
tiplicative) identity
1 oaf n=1,
n(n) { 0 if n#l;

(#ii) show that an arithmetic function f is a unit in the ring R if and only if

f(1) # 0;

(iv) let e(n) := 1,n € N, and prove for f and F := f*e € R the MOBIUS
inversion formula: f = F % p.

In the case of DIRICHLET series with multiplicative coefficients we obtain a prod-
uct representation, the so-called EULER product.

Lemma 9.1 Assume that > 0o |f(n)] < co. If f(n) is a multiplicative arithmetic
function, then

> fm) =T1A+fl) + f(*) +...),
n=1 p
and if f is completely multiplicative, then

> 1
fn) =1l +———
n; ") 1;[ 1-f(p)
The well-known formula (2.7) is here the standard example. We may extend this
for z € C,z # 0, and o > 1, which leads to

01) sy =11 (1 . l)‘z _ o)

S s
p p n=1 n

where 7,(n) is the multiplicative function given by 7,(1) = 1 and
B (ZHE-1) 1 N
)= (71 ).k!j1<z+k—y>,

this is an immediate consequence of the binomial series expansion in the factors of
the EULER product.

In view to later applications we introduce two more EULER products. Let z € C
with 0 < |z| < 1. Since w(n) is additive, the arithmetic function £ is multiplica-
tive, and therefore a simple calculation shows

nS

9.2)  L(s, zw) :—izj:) —];[<1+§;> —];[<1+p82_1>,

where all series and product representations are valid in the half plane o > 1 (we
shall return to the question of convergence later on).
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Exercise 9.2 Let z € C with 0 < |z| < 1. Prove, for o > 1,

93)  L(s,20) ig(n 1;[<1_3>_1.

pS

Proof of Lemma 9.1. By the multiplicativity of f(n) and the unique prime
factorization of the integers,

[T+ flp) + ) +...) = ; f(n)

<z
b= p|n=p<z

Since

S fm- ¥ o)< XISl

n>x
p|ln=p<z

the convergence of Y -°° | | f(n)| implies the first assertion; the second follows in view
to f(p*) = f(p)* and application of the formula for the geometric series. o

We can obtain new insights on the value distribution of an arithmetic function
by studying the associated DIRICHLET series as an analytic function. Since

|n®| = |n” exp(itlogn)| = n?,

DIRICHLET series converge in half planes; it is possible that this half plane is empty,
or that it is the whole complex plane.

Theorem 9.2 Suppose that the series > 07, fr(Lc) converges for some ¢ € R. Then
the DIRICHLET series -
n=1

converges for any 6 > 0 uniformly in
Hs = {SE(C :arg(s —¢)] < g—é}.
In particular, the function F(s) is analytic in the half plane o > c.

Proof. Let s € 7—[5. Partial summation shows, for 0 < M < N,

DI R S A <”>_

c.mps—cC
M<n<N M<n<N TV " T
= N¢s Z / dz
o c ne s+1—c”
M<n<N n M M<n<lx x
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f(n

By the convergence of > >, , there exists for any £ > 0 an index Mj such that

> f <e forall M > M,

M<n<N

Hence, for those M,

f(n) N
> < € (NC_" +|s — c|/ et d:c)
M

Minen T

1
< 5<NH s |Mc a><<5<1+‘_>’
o— sin ¢
since |s — ¢| < (0 — ¢)sind. This proves the uniform convergence (by fixed 9).

WEIERSTRASS’ theorem states that the limit F'(s) of the uniform convergent se-
[(n)

quence of analytic functions >5,< -5, as M — oo, is analytic itself (see [21],

§V.1). This proves the theorem. o

Exercise 9.3 Assume that the series Y ;24 fanl converges exactly in the (non-
empty) half plane o > c. Show that the series converges absolutely for o > ¢+ 1.

The proof of Theorem 9.2 yields, in the region of absolute convergence,

—s [ f—5

n<zx

(9.4)

(this should be compared with Exercise 2.4); here and in the sequel we write [
for limy o [ T when the limit exists. We are interested in an inversion, i.e. a for-
mula where the transform Y, ., f(n) is expressed by an integral over the associated

DIRICHLET series Y > i),

n=1 ns

Lemma 9.3 Let ¢ and y be positive and real. Then

1 c+ioco ys (1) Zf 0< Yy < 17
2—/ ) —ds = 5 Zf y:L
TV Je—ico S 1 Zf y>1

Proof. First, if y = 1, then the integral in question equals

1 oo dt 1 . T ¢ 1 . T 1
—/ — = — lim ———dt = — lim arctan — = —,
2n J-o c+ it wT—oooJo %+ t2 T T—00 c 2

by well-known properties of the arctan-function.
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Secondly, assume that 0 < y < 1 and r > c¢. Since the integrand is analytic in
o > 0, CAUCHY’s theorem implies, for 7" > 0,

c+iT ys r—i1 r+iT c+iT ys
/ —ds= / + / + = ds.
c—iT S c—iT r—iT r+iT S

It is easily be shown that

Cc

ctiT ¢S 1 c
/ Vds < f/ ydo < —L—

T S T|logy|’

riT 9,8 r T dt 1
/ Y as < y——l—yr/ —<<yr<——|—logT>.
r—iT 8 T 1t r

Sending now r and then 7' to infinity, the first case follows.
Finally, if y > 1, then we bound the corresponding integrals over the rectangular
contour with corners ¢ +47", —r +4T, analogously. Now the pole of the integrand at

s = 0 with residue

S S

Res Szgy— =lims- vy _ 1
S s—0 S

gives via the calculus of residues 27i as the value for the integral in this case. o

Exercise 9.4 Prove

(i) for a € R,
/oo exp(iou) - exp(—iau) du = sgn (a)2r,
—00 m
where sgn(a) =0 if o =0, and = 57 otherwise;

(Hint: shift the path of integration into the right half plane by use of CAUCHY ’s
theorem, and apply Lemma 9.3.)

o /ginau\ 2 s
du = —.
—c0 au Qo

(Hint: partial summation and part (i).)

(ii) for a >0,

We deduce from Lemma 9.3

oo f(n)

n=1 pns

Theorem 9.4 (PERRON’s formula) Suppose that the DIRICHLET series Y.
converges for o = c¢ absolutely. Then, for x & 7Z,

ctico f(n)

(95) X f(n)= %/c_m 2

n<zx

.,L,S
— ds,
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and, for arbitrary x,

o0 [T [T

n<u 0 p=1

PERRON’s formula gives a first glance on the intimate relation between arithmetic
functions (number theory) and their associated DIRICHLET series (analysis).

Proof. Obviously, the integral in formula (9.5) equals

c—l—zoo ctico s\ S ds
/c ] f c—i0o n S

n

here interchanging integration and summation is allowed by the absolute convergence
of the series. In view to Lemma 9.4 formula (9.5) follows.

In order to prove formula (9.6) we apply (9.5) with f(n)n”,w > 0, instead of
f(n), and obtain

Z f 1 /c—l—ioo i f(n) xs-i—w ds.

. s
e T 27 Je—iso =1 n® ostw

Thus we get by subtraction

S pme ey = o [T S T U

< 270 Je—ioco f Mm* s(s+w)

Obviously, this formula holds for z € N too. We set w = 1, and note

/Zf du—Zf /du—Zf (x —n)

n<u n<lx n<lx

Thus we obtain (9.6), and the theorem is shown. e

As an immediate application we note, for 0 < |z| < 1 and ¢ > 1,

(9.7) / > 240 dy = ! /Hioo L(s,z w)LﬂdS'
—i ) ) S(S + 1) Y

n<u 27TZ —1300

a similar formula holds when we replace w(n) by Q(n). Later we shall prove an
asymptotic formula for the arithmetic expression on the left hand side by evaluating
the analytic right hand side.
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Chapter 10

Characteristic functions

Many information on a probability law can be derived by studying the related charac-
teristic function. Let F be a distribution function, then its characteristic function
is given by the FOURIER transform of the STIELTJES measure dF(z), namely

op(r) == /_ Z exp(iTz) dF(2).

This defines a uniformly continuous function on the real line which satisfies, for
TEeR,

er(r)| < [ dF(z) = 1= px(0)

The intimate relationship between the distribution function F' and its characteristic
function ¢y is ruled by the following

Lemma 10.1 (Inversion formula) Let F be a distribution function with charac-
tersitic function pwg. Then, for a, 3 € C(F),

or(T) dr.

P(6) - Fa) = o [ S2LT0) —ew(inf)

- % —00 T
In particular, the distribution function is uniquely determined by its charcteristic
function.

Note that the singularity of the integrand in the formula of the above lemma is
removable.

Proof. Without loss of generality o < 3. Using FUBINI’s theorem, we can rewrite
the integral on the right hand side of the formula in the lemma as

/00 exp(—iTa) — exp(—iTf) /00

) dF d
. - . exp(itw) dF(w) dr
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_ /00 /00 exp(iT(w — a)) — exp(iT(w — 3)) dr dF (w)
—00 J —00 iT .
By Exercise 9.4 the inner integral equals

1 /00 exp(iu(w — a)) — exp(—iu(w — a)) d
2 ) i B
1 expliu(w — ) — exp(—iufw — §))
2 J-co w
= m(sgn(w — ) —sgn (w - B)),

which is =27 if a < w < 3, and = 0 if w < a or w > (3. This leads to the formula
in the lemma. If the distribution function G has the same characteristic function,
then the formula proved above yields F(a) = G(a) for almost all a. Since F and G
both are right-continuous and non-decreasing, we finally obtain F = G. The lemma
is shown. e

du

This lemma has some powerful consequences which we will use in what follows.

Exercise 10.1 Let h > 0 and let F be a distribution function with characteristic
function @g.

(i) Prove, for z € R,

1 z+h z 1 oo [sinZ)? iTZ T
L roa= L (5 () ) o
h{/ /z_h} 0 dt = 5 _oo< r ) e\ ) ey ) O

2

(Hint: apply Lemma 10.1 to the integrals on the left hand side, and calculate
their characteristic functions by partial integration.)

(i) show that
1 z

— F(t) dt
hJ.—n ()

1 z+h
- / F(t)dt  and

both define distribution functions.
(Hint: for all € > 0 there exists an ty such that F(t) > F(+o00) — ¢ for all
t>to.)

It is time to give an example. We note for the standard normal distribution
(3.1):

Lemma 10.2 The characteristic function of the standard normal distribution ® is
given by
72
va(T) = exp -5 )
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Proof. By definition,
2

pa(r) = /: exp(ir2) AP(2) = / exp(irz exp< %) dz

z

2
— \/%/ cos(7z) + isin(7z)) exp <—§> dz

2
cos TZ)exp _z dz,
vV N 2

22

since sin(7z)exp(—%-) is an odd function. Differentiation on both sides with re-
spect to 7 (which is obviously allowed), and integration by parts (with sin(7z) and

z exp(—%)) yields

pa(7) = —% ™ ssin(r2) exp <_";> "
- \/% [ reos(ra)ex <_";> a
= —Tpa(T).

Therefore, the characteristic function pg(7) solves the differential equation

Y

_:_7—’

Y
and hence, integration yields

SO&’ / ’ T2
loglpa(r)| = [ 22(r)dr+¢ =~ [rdr+¢=-T+c,
Yo 9
where ¢/, ¢ are constants. Taking the exponential gives

pa(r) = exp ( - 5) .

In view to ¢(0) = 1 we obtain ¢ = 0, which finishes the proof. e

The proof above is not straightforward but elementary. It is much easier to find the

characteristic function of the uniform distribution.

Exercise 10.2 Prove that the characteristic function of the uniform distribution v

on the interval [0, 1] is given by

exp(iT) — 1

pu(T) = .
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The following theorem links the weak convergence of a sequence of distribu-
tion functions to the pointwise convergence of the corresponding sequence of their
characteristic functions.

Theorem 10.3 (LEVY’s continuity theorem, 1925) Let {F,} be a sequence of
distribution functions and {¢r,} the corresponding sequence of their charactersitic
functions. Then Fy converges weakly to a distribution function ¥ if and only if o,
converges pointwise on R to a function ¢ which is continuous at 0. Additionally,
in this case, @ is the characteristic function of F, and the convergence of g, to
@ = g is uniform on any compact subset.

The following proof is due to CRAMER.

Proof. We start with the necessity. If F,, converges weakly to F', then there exists
for any € > 0 a real number T' = T'(¢) such that

< sup dF,(2) <e.
neN /|z[>T

sup sup
neN reR

/|z|>T exp(i7z) dFy(2)

Without loss of generality we may assume that +7" € C(F), then

/z exp(irz) dFy(2) — /_z exp(iTz) dF(z),

in any finite 7-interval, as n — oo (STIELTJES integrals behave sufficiently smooth).
The last integral equals pg(7) + O(€), which implies that g, — @ uniformly on
any compact subset, as n — oo.

To prove the converse, it is sufficient to show that, if g converges pointwise to
a limit ¢, and if ¢ is continuous at 0, then F,, converges weakly to a distribution
function F. By the above given part of the proof it will then follow that ¢ is the
characteristic function of F, and that the convergence pr, — ¢r, as n — 00, is
uniform on compact subsets.

Let Z := {z1, 29,...} be a dense subset of R consisting of continuity points of
F and all F,,. Since the values of Fy(2;) lie in [0,1], the theorem of BOLZANO-
WEIERSTRASS yields the existence of a convergent subsequence {Fu1(21)}, and, by
a standard diagonal argument, there exists a sub-subsequence {Fyy} of {Fy} which
converges on Z. Using the properties of the distribution functions F,,, one can
even find a subsequence {Fy,} which converges weakly to a non-decreasing right-
continuous function F. Obviously, 0 < F(z) < 1 for all z € R. It remains to show
that F(4+00) — F(—o00) = 1. We have, by Exercise 10.1,

LS e g () e () o

2
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Sending 7 — oo and applying LEBESGUE’s theorem, we arrive at

%{/Oh—/_oh}l?(t)dt— %/_O; (SiI;%)Qw(%) dr;

2

here F is the weak limit of Fy;, and ¢ is the pointwise limit of PF,, - By Exercise
10.1, we may interpret the left hand side as the difference of distribution functions.
Hence, as h — oo,

F(+00) — F(—o00) = lim i/oo (Shj%>2¢ (%) dr.

h—o0 270 J -0 3

Since ¢ is bounded and continuous at 0, we may interchange by LEBESGUE’s theorem
the limit with the integration and use Exercise 9.4 to obtain

F(+00) — F(—o0) %/m (m:g)Q lim ¢ (%) dr

—00 h—o0

2

1 oo (sinZ)\?
= 905 | 2) q
P05 | ( : ) T

= #(0).
Further, ¢(0) = lim,, PFy, (0), and PFy, (0) = 1for alln € N. Therefore, F(+00)—
F(—o0) = 1, and the weak limit F of the sequence Fy, is a distribution function.
Obviously, this holds also for any other weak limit G. But since G has also the
characteristic function ¢, and distribution functions are uniquely determined by
their characteristic functions, we obtain F = G. Hence any weakly convergent

subsequence of {Fy,} converges to the same limit F, and hence, {F,} itself converges
weakly to F'. The theorem is shown. e

For a special class of distribution functions F one can find a quantative estimate
for approximations of F in terms of the corresponding characteristic functions by
the following result. Define for a real-valued function f, given on the compact set
R U {+£o0},

[l = max |f(@)]

—oo<z<oo

Then

Theorem 10.4 (BERRY-ESSEEN inequality, 1941/1945) LetF, G be two distri-
bution functions with characteristic functions oy, pg. Suppose that G is differen-
tiable and that G’ is bounded on R. Then, for all T > 0,

¢r(T) — pa(T)

G|l T
IF — G|l < Il +/T dr,

T
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where the implicit constant is absolute.

We omit the lengthy proof, which, for example, can be found in [30] or in [6], §1, but
give an interesting application to a result mentioned in Chapter 3. The convergence
of the scaled random walk to the normal distribution (3.2) satisfies the quantitative

estimate

P (j—% <x> =®(x)+0(n?),

as n — oo. For this and other applications we refer to [6], §1 and §3.
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Chapter 11

Mean value theorems

LEVY’s continuity theorem has an important consequence, namely a criterion
whether an arithmetic function possesses a limit law or not.

Corollary 11.1 Let f be a real-valued arithmetic function. Then f possesses a
limit law ¥ if and only if the sequence of functions

© 3 explirf(n)

n<N

converges with N — oo pointwise on R to a function ¢(1) which is continuous at 0.
In this case ¢ = @y is the characteristic function of F.

Proof. By (3.3) the characteristic function of the distribution function Fy of f is

pru() = [ ™ explire) dFx(2) = = 3 explirf(n)).

—00 N =

Consequently, LEVY’s continuity theorem translates the weak convergence of the dis-
tribution functions to the pointwise convergence of the corresponding characteristic
functions. e

If f is an additive function, then the function n +— exp(i7 f(n)) is for each fixed
7 a multiplicative arithmetic function. Thus, the problem of the existence of a limit
law for f is equivalent to the problem of the existence of the mean value of a certain
multiplicative function. A complete solution was found by ERDOS and WINTNER

8]:
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Theorem 11.2 (ERDOS+WINTNER, 1939) A real-valued additive function f(n)
possesses a limit law if and only if the following three series converge simultaneously
for at least one value R > 0:

ST SR AN St

fe>rP  fe<r P ifp)l<r P

If this is the case, then the characteristic function of the limiting distribution function
F is given by the convergent product

o - T1 1) 20070

2 PJ k=o p

The idea of proof is based on KOLMOGOROV’s three series theorem on sums of
independent random variables; see [9], §1X.9.

In the following years the question arose when a multiplicative function of mod-
ulus < 1 has a non-zero mean value. The ultimative answer was given by HALASZ
[11], namely

Theorem 11.3 (HALASz, 1968) Let g be a multiplicative function with values in
the unit disc. If there exists some T € R such that

3 1—Reg(p)p™™
- p

converges, then

z'7 1 g(pk)
— 1— - — 4+ o(1
Z g 1 'ZT H ( ) = pk(1+z'r) O( )7

n<x p<z p
as x — oco. If there exists no T with the above property, then

_Zg

n<x

Note that WIRSING [33] obtained a similar result for real-valued multiplicative func-
tions in 1967. To indicate the power of these results note that an application to
MOBIUS’ p-function yields

> un) =

n<zx

which is equivalent to the prime number theorem (5.6) (for the equivalence see [30],

§1.3).
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Unfortunately, the proofs of these mean value theorems are beyond the scope
of this course, we refer the interested reader to the original papers and [30], §I11.4;
further mean value results can be found in [28].

A further application of characteristic functions is to find in the theory of uniform
distribution modulo 1.
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Chapter 12

Uniform distribution modulo 1

We say that a sequence of non-negative real numbers «, is uniformly distributed
modulo 1 if for any interval Z C [0, 1)

d{n : o, — o] € I} = N(2),

where A(Z) is the LEBESGUE-measure of Z (i.e. the length of 7). This means that
the proportion of «,,, which fractional parts «,, — [ay] lie in Z, corresponds to the
proportion of the interval Z in [0, 1).

H. WEYL’s celebrated criterion on uniform distribution [32] states

Theorem 12.1 (H. WEYL; 1916) A sequence of real numbers o, is uniformly dis-
tributed mod 1 if, and only if, for each non-zero integer m

1
lim N > exp(2rimay,) = 0.

N
—00 nN

Proof. Assume that the sequence {«,} is uniformly distributed mod 1, then the
corresponding distribution functions

FN(Z) = % Z 1

n<
an—|

3z

1<z

converge weakly to the uniform distribution on [0, 1], as N — oo, and, by LEVY’s
continuity theorem, the corresponding characteristic functions converge pointwise
to the characteristic function of the uniform distribution, i.e.

or(7) = /Olexp(iTz)dFN(z) S (r) = /Olexp(z'rz)dF,,(z),
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as N — oo. Setting 7 = 2mrm, m # 0, we obtain in view to Exercise 10.2 that
1

1
I > exp(2mimay,) :/ exp(2mimz) dFn(z)
0

n<N
tends with N — oo to

1 2mim) — 1
/ exp(2mimz) dz = exp( m'm) = 0.
0 2mim

We give only a sketch of the argument for the converse implication. For sim-
plicity, we may assume that F is absolutely continuous. With a little help from
FOURIER analysis one can show that F has a representation

1 o0 —
F(2) —/0 F(u)du + m:z—oo C;rz'm exp(2mimz),
m#0
where )
Cm 1= / exp(—2mimz) dF(z).
0
Since ) .
/ exp(2mimz) dFn(z) = — > exp(2mimay,)
0 N nh

tends with N — oo to zero, it follows that c¢,, = 0 for non-zero m. This gives above

1 i exp(2mimz)

; =z
2mim ’

m=—oo
m#0

which implies the uniform distribution for {a,,}. e

Exercise 12.1 (for experts in FOURIER analysis) Fill the gaps in the sketch of proof
of the converse implication above.

We note a nice application to indicate the power of this criterion.

Corollary 12.2 (KRONECKER’s approximation theorem; 1884) The sequence
{n&} is uniformly distributed mod 1 if and only if & is irrational.

Proof. Let ¢ be irrational. By the formula for the geometric series, we have, for
any non-zero integer m,

lim 1 " exp(2mimng) = lim 1 exp(2mim{) — exp(2mim(N + 1)§)

Nooo N NSoo N 1 — exp(2mim¢)

=0.
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Otherwise, if £ = £, then the limit is non-zero for multiples m of b. Thus, WEYL’s
criterion yields the assertion of the corollary. e

Moreover, we say that the sequence {a,} lies dense mod 1 if for any € > 0, and
any « € [0,1), exists an «,, such that

o = (o = [an])] < &

Obviously, a sequence which is uniformly distributed mod 1 lies also dense mod 1.
However, the converse implication is not true in general.

Exercise 12.2 Show that the sequence {logn}

(i) lies dense mod 1;
(Hint: consider the subsequence {log(2¥)}.)

(i) is not uniformly distributed mod 1.
(Hint: replace the sum in Theorem 12.1 by the corresponding integral.)

An interesting open problem is whether the sequence {exp(n)} is uniformly dis-
tributed or not. A further application of uniform distribution modulo 1 is numerical
integration. The interested reader can find more details on this and allied topics in
[15].
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Chapter 13

The theorem of ERDOS-KAC

Now we are going to prove the explicit form (1.5) of the limit distribution of the
prime divisor counting functions w(n) and Q(n). The easiest and first proof due
to ERDOS and KAC [7] is elementary but tricky and quite delicate. We will give a
proof more or less following the one of RENYI and TURAN [24], including a certain
modification due to SELBERG [29], which enables one to obtain further knowledge
concerning the speed of convergence to the normal distribution. Moreover, this
method applies to other problems as well. For some interesting historical comments
see [6], §12, pp.18.

Let 2z be a non-zero complex constant of modulus < 1. We shall prove in Chapter
15 by analytic methods the asymptotic formula

(13.1) S 24 = A2)z(logz)* ' + 0O (x(log x)ReZ_Q) ,

n<zx

where A(z) is an entire function with A(1) = 1. This implies
Theorem 13.1 (ERDOS+KAc, 1939; RENYI+TURAN, 1957) As N — oo,

. w(n) — loglog N
N ' Vl1oglog N

< x} =®(z)+0 ((loglog N)_%) :

Proof. We consider

— loglog N
Fn(z) = vn {n : w(n) — loglog < x} ,

Vl1oglog N

and denote by g, (7) its characteristic function, i.e.

Pry(T) = /: exp(iTz) dFn(z) = % 3 exp (Z’T(wf;zlz)g—l%og N) .

n<N
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By (13.1), we have, uniformly for N > 2/t € R,

N Z exp(itw(n)) = A(exp(it))(log N)eXP(“5 + O((log N)cost 2)

n<N

Putting T := /loglog N, and ¢ := %, then the latter formual implies for |7| < T

() = 3 3 e (TAT)

(13.2) = A(exp(it)) exp((exp(it) — 1)T?* —itT) + O (eXp(Tz(cost - 2))) :

Since cost — 1 < —2(%)? for |t| < 1, we deduce
272
133)  pralr) <o (-2 )
we shall use this estimate later for large values of 7. Since, for [¢t| < 1,
: Lt 3
exp(it) — 1 =it — 7t O(|t]°),

and since A\(z) is an entire function with A\(1) = 1, we have
00 )\(k

A(exp(it)) Z

eXp (it) — DF = 1+ O(|t])

for |t| < 1. Therefore, we obtain in view to (13.2), for |7| < T3,

(13.4)  pry(7) = exp (‘%2) (1 +0 (M)) +0 (@) :

we shall use this formula later for @ < |r| < T3. Sending N — oo, we deduce in
view to Lemma 10.2 that

7_2

ralr) = exp (=) = par).

i.e. the characteristic functions ¢r, converge pointwise to the characteristic function
of the normal distribution ®(z). Applying LEVY’s continuity theorem, we get

, w(n) — loglog N
]\}1_1330 YN {n ’ loglogN  — v & (z);
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this is exactly ERDOS’ and KAC’s formula (1.5).

In order to obtain the quantitive result of the theorem we need a further estimate
of wry (7) for small values of 7. When |7| < @, then the trivial estimate exp(iy) =
14+ O(y),y € R, yields in combination with the CAUCHY-SCHWARZ inequality

Yrn(T) = 140 (% Z lw(n) — loglog N|)

n<N

N

|7'| 2
= 1 — | N — loglog N
+0 N E lw(n) — loglog N| ,

n<N
which leads in view to the HARDY-RAMANUJAN Theorem 7.2 to
(13.5) Vry(T) =14+ O(|7]).

Now we apply the BERRY-ESSEEN inequality Theorem 10.4. In view to Lemma 10.2
we get

P’ T _

Ex -l <« 2y [ forn@) e,
T L -

< gt [, fer | &

T -T PFENAT €xXp 9 |T|

We split the appearing integral into three parts, and estimate in view to (13.5),
(13.4) and (13.3)

e N e N 1
gl < /gl dT<<—,
TN TN log N
exp|——=| dar — <L =
. o\ T P77 logN /o, 7 5T

Foo 00 272\ dr 1
[T« o2 Y <L
+7T3 T3 T T T

This proves the theorem. e
It can be shown that the error term in Theorem 13.1 is best possible. This

follows by studying the frequencies of positive integers n with v(n) = k, k € N; for
details we refer to [30], §III.4.
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Exercise 13.1 Deduce from the asymptotic formula

(13.6) 32 = p(2)z(logz)* ™ + O (x(log x)Rez_Q) ,

n<zx

where pu(z) is an entire function with u(l) = 1, the limit law

o dn Q(n) — loglog N
N ' Vl1oglog N

< x} =®(z)+0 ((loglogN)_%) )

as N — 0.

It remains to show formula (13.1). The first step towards a proof was done by
(9.7) in Chapter 9. In Chapter 15 we will calculate the appearing integral by moving
the path of integration to the left of the line ¢ = 1. Therefore, we need an analytic
continuation of L(s, z,w).

However, it suffices to find a zero-free region for the RIEMANN zeta-function.
The EULER product representation (2.7) implies immediately the non-vanishing of
((s) in the half plane of absolute convergence o > 1. As we shall see in the following
chapter one can extend this zero-free region to the left.

We observe that the EULER product representation (9.2) of L(s, z,w) is similar
to (9.1). Define G(s, z) = L(s, z,w)((s) "%, then, for o > 1,

(13.7) G(S,z)—H<1+ Z_l> (1_l>z_ibz(n)’

P P

where b, = z* x 7_, is multiplicative with

Since b,(p) = 0, we have, for o > %,

> b.(p” 1
(13.8) log G(s,z) = > log (1—1—2 (ps)> <<Z]%<<1.
P k=2

pk 5

This shows that
L(s,z,w) = G(s,2)((s)*

is analytically continuable to any zero-free region of ((s) covering the half plane of
absolute convergence o > 1.
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Chapter 14

A zero-free region for ((s)

To establish a zero-free region for the RIEMANN zeta-function to the left of the half
plane of absolute convergence of its series expansion is a rather delicate problem. In
view to (9.4) (Exercise 2.4, resp.) we have, for o > 0,

(14.1) <) = X 1y ivl_s + s/oo k’ig;f dz

nSNnS —1 N
1 Nl—s
(14.2) = > —+ +0 (N‘” (1 + M)) .
nSNnS s—1 o

This gives an analytic continuation of ((s) to the half plane o > 0 except for a
simple pole at s = 1.

Lemma 14.1 For |t| > 1,1 — (log(|t| + 1)) ' <o <2
(s) <log(|t|+1),  and  ('(s) < (log([t| + 1))*.
Proof. Since n® = n?, it follows that
=Y =3 =T
= n®  =nd N
for 0 > 1, and by analytic contiunation elsewhere. Therefore, it suffices to consider
only ¢t > 1. Let 1 — (log(t + 1))™! < o < 3, then formula (14.2) implies

C(S)<< Z l+w

- < log(t +1).
n<t+1
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The estimate for ('(s) follows immediately from CAUCHY’s formula

('(s) = L% (ZCEZi)Q dz,

271

and standard estimates of integrals. e

For o > 1,
|C(0 4 it)| = exp (ZZ s(kt logp))
i

Since

(14.3) 17 + 24 cos a + 8 cos(2a) = (3 + 4cosa)? > 0,
it follows that

(14.4)  C(o)"[¢(o +it)[P¢(o + 2it)|* > 1.

Therefore
Lemma 14.2 ((1+it) # 0 fort € R.

Proof. For small 0 > 1, {(¢) < -1 by (14.1). Assuming that (1 + it) has a zero
for t =ty # 0, then it would follow that

(o +ity)| < ((0) < 0 — 1.

This leads to
lim ¢(0)"7[¢(0 + ito)|** =

o—1+

contradicting (14.4). e

It can be shown that this non-vanishing of ((1 + it) is equivalent to the prime
number theorem (5.6) (see [22], §2.3.

A simple refinement of the argument in the proof of Lemma 14.2 allows a lower
estimate of ((1 4+ dt): for [t| > 1 and 1 < 0 < 2, we deduce from (14.4) and Lemma

14.1
1

o) =

Furthermore, with Lemma 14.1,

C(0)H|¢(0 + 2it)|F < (0 — 1) (log([t] + 1))5.

(14.5) C(1+it) — (o +it) = / ¢'(u+it)du < |o — 1| (log(|t]| + 1))>.
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Hence

(1 +it)] [C(o +it)] — (o — 1) (log([t] + 1))*

17

>
> ey(0 —1)7 (log([t] + 1)) 75 — e — 1)(log(Jt] + 1)),

where c¢1,cy are certain positive constants. Chosing a constant B > 0 such that
17 . .
A:=cyB2 — ¢;B > 0 and putting o = 1 + B(log(|t| + 1)78, we obtain now

(146) 6 +)] 2 o

This gives even an estimate on the left of the line o = 1.

Lemma 14.3 There exists a positive constant § such that
C(s)#0  for o >1-dmin{l, (log(]t] +1)) %}

further, under the assumption |s — 1| > 1, the estimates

4

Z(S) < (log(Jt|+1))*,  log((s) < log(2log([t| + 1))

hold.

Here we choose that branch of logarithm log {(s) which is real on the real axis; the
other values are defined by analytic continuation in a standard way.

Proof. In view to Lemma 14.1 the estimate (14.5) holds for 1 — d(log(|¢t| +1))™® <
o < 1. Using (14.6), it follows that

A—615

(o +it)] > T CEG

where the right hand side is positve for sufficiently small §. This yields the zero-free
region of Lemma 14.3; the estimate of the logarithmic derivative follows from the
estimate above by use of Lemma 14.1. Finally, to obtain the bound for log {(s) let
so = 1 + n + it with some positive parameter n. Then

SORNS S—IU u < |s — sp|(lo 8
o ( S025) = [ ) du 5 st 1)

Using (14.1),
log ¢(s0)] < log C(1+ 1) = log (%) +oq).
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Setting n = c(log(|t| + 1))~®, we obtain

log ((s) < log (%) +]o — 1 —n|(log(|t] + 1))® < log(2log(|t]| + 1)).

The lemma is shown. e

Exercise 14.1 Show that (14.3) gives the best possible estimates (by the method
above).

The famous and yet unproved RIEMANN hypothesis states that all complex
zeros of ((s) lie on the so-called critical line o = %, or equivalently, the non-
vanishing of (s) in the half plane o > 1. It seems that this hypothetical distribution
of zeros is connected with the functional equation

(147 wir (S)¢(s) =n T (1 —)¢a-s),

which implies a symmetry of the zeros of ((s) with repsect to the critical line; for a
proof of (14.7) see [30], §II.3.

In fact, the first zero on the critical line (i.e. the one with minimal imaginary
part in the upper half plane) is

1
B + 114.13472. ...

Nevertheless, we show
Lemma 14.4 ((s) #0 for |s —1] < 1.

Proof. Integration by parts in (14.1) (resp. EULER’s summation formula) yields

1 1 s s(s+1) /00 By (u — [u])du,

)=s7+3+1 2 w2

where 1
Bs(u) :u2—u—|—6

is the second BERNOULLI polynomial; note that |Ba(u — [u])] < §. Suppose that
0 = [+ 17 is a zero of {(s) with |s — 1| < 1. By symmetry, we may assume in view
to the functional equation (14.7) that § > 7. Setting s = g in the formula above, an
application of the mean-value theorem yields the existence of some 6 with || <1

such that
1 1 o fOolo+1) [ du
du

Co—1 2 12 12 1wt




Multiplying this with 1 — g, we may rewrite this as

1-op 0 9@(@+1)/°° du
148) 1=—"2 (142270 " 2],
(148) 2 <+6 6 S oui"

The modulus of the right hand side is

lo| | |o(o+1)] 1 ( 1 2)
1 T ) 2 (14+=24+2) =1
2<+6+ 9 s\ t3T3 ’

which gives a contradiction to (14.8). This proves the lemma. o

In order to prove formula (13.1) we state some consequences we will use later
on. By Lemma 14.4, the function

L (s - 1¢(s)”

S

is analytic in |s — 1] < 1, and hence, has there a power series expansion
1

(14.9) = ((s—1)¢ Z 502 (o gy
s s

where, by CAUCHY’s formula,

(410) 550 = f (=106

Note that the v;(z) are entire functions in z, satisfying the estimate
# < (1+¢),

where the implicit constant depends only on z and € € (0, 1).

Exercise 14.2 Show that v(z) = 1,

() = (y [,

1 u?2

and, in particular, v1(1) = v — 1, where 7y is the EULER-MASCERONI constant.
(Hint: see Ezercise 5.1.)

For more details on the fascinating topic of the location of zeros of the Riemann
zeta-function and its implications to number theory see [22], §2.4+2.5, as well as
the monography [23].
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Chapter 15

The SELBERG-DELANGE method

Our aim is to prove the asymptotic formula (13.1); the proof of (13.6) is left to
the reader. The proof bases on the SELBERG-DELANGE method which works for
more general DIRICHLET series than (9.2) and (9.3) which we have to consider.
This powerful method was developped by SELBERG [29]; later it was generalized by
DELANGE [3].

Theorem 15.1 There exist constants c1,co > 0 such that, uniformly for sufficiently
large x, N > 0,0 < |z| < 1,

Z 22 — z(log z)? ! (Z )\k(z)k +0 (exp(—cl\/@) + (Czl]:g—; 1) ))

e i= (log )

with

Me) = s 3 2E [dius,z,w)c(s)-ﬂ ,

) nik
where v;(z) is defined in (14.10).

Before we are able to start with the proof of Theorem 15.1 we quote a classical
integral representation for the Gamma-function, which is for Re z > 0 defined by

['(z) = /OOO u” ! exp(—u) du,

and by analytic continuation elsewhere except for simple poles at z =0, -1, —2,.. ;
for this and other properties of the Gamma-function, which we need later on, see
[21].
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Lemma 15.2 (HANKEL’s formula) Denote by H the path formed by the circle

|s| = r > 0, excluding the point s = —r, together with two copies of the half line
(—o00, —r] with respective arguments +m. Then, for any complez z,
1 1
151) = / = ds.
(15.1) ['(z) 2w '’ exp(s) ds

If H(x) denotes the part of H which is located in the half plane o > —z, then
uniformly for x > 1

1 1 T
— —Z ds = — O<2 (1 (——)).
37 gy © O 8 = 5+ 0 (20T [ e (-
Proof. Obviously, the integral appearing in (15.1) is absolutely and uniformly
convergent for all z. Hence, it defines an entire function of z, which, by the calculus
of residues, does not dependent on r. When Re z < —1, the integral over the circle
part |s| = r of H tends with r to zero, and the the integral over the remaining path
tends to

1 00
—/ (exp(imz) — exp(—inz))o * exp(—0o) do
2me Jo
sinmz [ sinmz 1
== —z —_ == F 1 —_ = —
- /0 o “exp(—o)do - (1-2) )

here we used the well-known identity I'(2)['(1 — z) = ="—. This proves the first

sz

formula for Re z < 1, and for arbitrary z by analytic continuation.
Now we consider the integral over the truncated contour H(z). Writing s =
oexp(+im), we have

s exp(s)| < (exp(r)o)* exp(—0).

Thus,

{/ /( } “exp(s)ds < exp 7r|z|/ ol exp(—o) do
H(8§)
2 0
< exp <7r|z|—§>/0 ol exp <—§> do.

Changing the variable o = 2t yields the estimate of the lemma. e
Now we are able to give the

Proof of Theorem 15.1. In view to our observations on the function G(s, z),
defined by (13.7), in Chapter 13, it came out that L(s, z,w) = G(s, z)((s)* can be

72



analytically continued to any zero-free region of ((s) covering the half plane o > 1.
Hence Lemma 14.3 implies that L(s, z,w) is analytic in the region

(15.2) o >1—dmin{1, (log(|t| +1))~®},

where 0 is some small positive constant. Furthermore, using (13.8), L(s, z,w) satis-
fies there the estimate

L(s,z,w) = G(s, z)exp(zlog ((s)) < (t| + 1)°.

L we find
xX

Hence, setting ¢ := 1+ Tog

ctioo sl 0o
/ L(s, z,w)———ds < xHC/ 2 dt < 22T
T s(s+1) T

Therefore, we can deduce from (9.7)

15.3 TN e gy = [T T et 0 (22T
(15.3) /OZZ uj%/c—iT (S’Z’w)s(s—l—l) st (x )

n<u

Now denote by C the path (symmetrical with respect to the real axis) consisting
of the truncated HANKEL contour (r) surrounding the point s = 1 with radius
r = 1(logz)™!, linear parts joining 1 —r to 1 — 14, the arcs A,

o = o(t) =1~ 3 min{L, (log(|f] + 1)},

and the linear segments [0(T") £ iT,c £ iT|. Here, let x be sufficiently large such
that C is contained in the region (15.2). Applying CAUCHY’s theorem, we obtain

xs—f—l

" 2 4= (1 L4
/c—iT (s, Z’w)s(s +1) °T /c (s, Z’w)s(s +1) >

since the integrand is analytic in (15.2). Obviously,

KkEiT x8+1 9 9
/ L(s, z,w)——=ds < z°T°7
o(T)+iT s(s+1)

s+1 T
/ L(s,z,w) ’ ds < ztte@ / (1+¢)F2dt < oo,
e s(s+1) 0

Putting T = exp (, / 2_‘5—25 log x) for sufficiently large z, it follows from (15.3) that

1 xs—i—l

(15.4) /Ox > M dy = —/H(T)L(s,z,w)ids

= 2mi s(s+1)
+0 <x2 exp (—c\/log x)) ,
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where ¢ = /(1 — £)d. Obviously, the integral

1 x5t
—/ L(s,z,w)———=ds,
270 Ju(r) s(s+1)

appearing in (15.4), is an infinitely differentiable function of z > 0, and, in particular,
we have

lx) =

1 x® 1

_ L —d 0" ::_/ I S_ld .
QMLM (5,2,0) 5 ds, ()= gt gy TS 2 0)5 " ds

(15.5)  (x):=
By the expansion (14.9) it follows, for s € H(r), that

_1
ls—1]

L(s, z) <

Consequently, a trivial estimate gives
(15.6)  ¢'(z) < logz.
In view to (13.8) formula (14.9) implies, for s € H(r),

G(s, z)((s; Z ge(2)(s — 1)*
with
w3 (§)0) [ gtte 9007 =TG- Bae)
where
(15.7) gl 2m%G u_§32<5k

since the integrand is analytic in |s — 1| < §. Therefore, we have on the truncated
Hankel contour H(r)

Ao (15)™).

Substituting this in (15.5) gives
15. s -1 k—z —NR
(15.8) zg =i (=1 ds + 06TV R (),
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where

/ |x N+1 Z||d8|

< / N+1 Rez 0d0_+x1+r N+2— Rez
——6

Since the Gamma-function interpolates the factorials we have in view to (5.2)
I'(n+1) =n! =exp(nlogn —n+ O(logn)

for n € N. Therefore, putting u = (1 — o) log z, it follows that

R(x) < x(logx)Rez—N—Q (/100 yN+1—Rez eXp(—u) du + 2—N>

BN +1\""
< x(logx)Rez_N_QF(N+3) <<l'(lOgl')Rez_1 (7—1_) :

log
here, and in the sequel, B denotes some positive absolute constant, not necessarily

always the same. In order to simplify formula (15.8), changing the variable by
w = (s — 1)log x, and applying Lemma 15.2, yields

_ z(logz)* 17k _
i me (s —1)""ds i oy SP(W) AW

= z(logz)* 17k (ﬁ + 0 ((Bk + 1)kx_%)> :

Therefore, we get for the main term in (15.8)

z(logz)*! (ﬁ; A’“(Z)k + EN> ,

= (log x)

where

By < Sl (S <t (2

= log x = 0logx

B\YY Nl Nk
<« 2) s %82
logz) = (N—-k!\ B

s B \Y (BN+1\""
< AN — < ;
0 log




here we used the weak STIRLING formula (5.2) and (15.7). This lengthy calculation
leads in (15.8) to

(159)  ¢(@)=alogz)"" (Z (g’“g%JO((BfXng) ))

k=0

Now we are able to finish the proof. Applying formula (15.9) with z + h and =z,
where 0 < h < £, leads to

/:+h Z 22 qy — Uz +h)—L(z)+ 0 <x2 exp(—By/log x)) .

n<u

By (15.6)
1
Uz +h)—l(z) =ht'(x)+ hz/ (1 —u)l"(z + uh) du = hl'(x) + O(h*log ),
0
which leads to

1 rzt+h L
win) _ = w(n) =
>z h/x >z du—|—0<h>

n<z n<lu

, x? L
= l(z)+0 ﬁexp(—B logz) + hlogzx + — |,

h
z+h
L::/

In view to [2¢(™] < 1, we get

where

du.

3 o) 3 el

n<z n<lu

x+h z+h
Lg/ > 1du:/ (u—z)du+ O(h) < h*.

r<nlu

Thus, choosing h := x exp(—B+/log z), we obtain

2
Z 24 qu = ¢ (z)+ O (% exp(—By/log x) + hlog x) .

n<zx

Now the assertion of the theorem follows from (15.9). e

Exercise 15.1 Prove a similar result as in Theorem 15.1 for 3, <, 28U,

In the last chapter we give an application of the SELBERG-DELANGE method on
the frequency of integers n with w(n) = k. This returns us to GAUSS’ conjecture
with which we started in the introduction.
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Chapter 16

The prime number theorem

As a generalization of the prime counting function 7(z) we define, for k € N,
m(z) =t{n <z : w(n) =k}

Note that the influence of prime powers p/ < z for fixed k is small. For example, if
k =1, then A )
m(z) =7m(z) +#{p <z :j>2} =n(2) +O(22).

Therefore, 7 (x) counts asymptotically the number of integers n which are the prod-
uct of exactly k distinct prime numbers. Now we shall prove

Theorem 16.1 (SATHE, 1953/1954; SELBERG, 1954) We have, uniformly for
sufficiently large x and 1 < k < loglogx,

_z (loglogz)*! k—1 k-
) =g k-1 \Miogloge) T\ llogloga)? ) )

Az) :—ﬁ];[(wpfl) (1_%>z.

In particular, the asymptotic formula of the theorem yields

where

)k—l )k—l

(loglog x
(k—1)!

z (loglogz
logz (k—1)!

m(2) = (14 0(1)) = (1 +o())m(z)

As we mentioned in the introduction, this result was first conjectured by GAUSS.
The first proof was given by LANDAU [20]; see also [14] where it is proved as a
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consequence of the prime number theorem by induction on k. Our proof is based
on Theorem 15.1.

Proof of Theorem 16.1. Obviously,

S () = P

k>0 n<lx

Consequently, 7(x) equals, up to a small error, the coefficient of 2* in the main
term of the asymptotic formula of Theorem 15.1. Therefore, we obtain

r 1 df
m(z) = logz k! dzF

[<1ogx> Ml2) + (log o) E)|

z=0

where E(z) < (logz)~'. By CAUCHY’s formula, it turns out that

. 1 (logz)*E(x) loglog x
[ng B ] o %f/fa g < B
by putting r = —log logz- Furthermore,
da* 1 (log z)* A (2)
1 Z\ = —% ————dz.
dzF [( 0g ) k(z)] o 2mi Jz=r zk+1 :

Recall that A;(0) = 0. Thus, using the functional equation for the Gamma-function
['(z+1) = 2I'(2), we may write Ax(z) = zA(z). Then we can replace the integrand
above by

o0

1 o
ANz)D — (loglog x)i Ak,

j=0J"

which gives, by the calculus of residues, the asymptotic formula of the theorem. o
The case k =1 yields the celebrated prime number theorem (5.6).

Corollary 16.2 (Prime number theorem) As z — oo,

10 -
log = log z(loglogz)? )

The prime number theorem allows a plenty of interesting speculations in number
theory. In view to

m(x) =

T z  du

r(@) = (1+ o(1)

= + error,
log 2 logu
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we can build up a probabilistic model for primality, in which an integer n is prime
with probability @. This idea dates back to CRAMER [2], who discussed with his
model the still open conjecture that there is always a prime number in between two
consecutive squares
n* <p<(n+1)>%.
We give an easier example. When a,b > 1 are integers, then
200 1 =(2¢ —1)- (20D 4 4204 1).

But if the composite integer ab is replaced by a prime number, then the situation is
different; for example

28 -1=7 29-1=31, 2"—-1=127, 2B —-1=8191 €P.
For a prime p the MERSENNE number ), is defined by
M, =2"—1.
The LucAs-LEHMER. algorithm,
s:=4, for ifrom 3to pdos:=s>—2mod (2¥—1),

returns the value s = 0 if and only if M, is prime; for a proof of this deep theorem
see [13], §XV.5. Iteration yields

s=4 —» 1M4=2.7 - 194 — 37634 =2-31.607,

which gives the first MERSENNE primes. Not all prime p lead to prime M,; for
example My; = 23 - 89. Meanwhile, 39 MERSENNE primes are known; recently
CAMERON discovered by intensive computer calculations that

13466917
Miza66917 = 2 -1

is prime. This largest known prime number exceeds the number of atoms in the
universe, and has more than four million digits! It is an open question whether
there exist infinitely many MERSENNE primes or not. In view to our probabilistic
model the probability that M, is prime equals

11
log M, ~ plog2’

P(M, e P)~
Therefore, the expectation value for the number of Mersenne primes is

which diverges by Corollary 5.4. Thus we expect that there are infinitely many
MERSENNE primes.

E(tM, € P) = ZPM € P)

log 2
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Exercise 16.1 For a non-negative integer k the kth FERMAT number is defined
by Fp = 22" + 1.

(i) Calculate the first seven FERMAT numbers.

(i) Do you think that there are infinitely many or only finitely many FERMAT
primes?

(The FERMAT numbers are of special interest for the problem of the construction of
the regular polygon of n sides; see [13], §V.8.)

However, the probabilistic model has also limits; see [22], §3. For many problems
in number theory a deeper knowledge on the prime number distribution is needed
than that what is known yet. One can show that

m(x) = /; 1odguu + O(z7%9) = ((s)#0 in o>86

(for a proof see [30], §2.4). Since there are zeros of ((s) on the critical line o = 1,

RIEMANN’s hypothesis states that the prime numbers are distributed as uniformly
as possible!

It is known that ((s) has infinitely many zeros in the strip 0 < o < 1. Many
computations were done to find a counter example to the RIEMANN hypothesis, that
is to find a zero in the half plane o > 3. However the first 1500000001 zeros lie
without exception on o = % Further, it is known that at least 40 percent have the
predicted distribution; for more details we refer the interested reader to [23].

We conclude with a probabilistic interpretation of RIEMANN’s hypothesis due to
DENJOY [4]. If and only if the RIEMANN hypothesis is true, i.e. that ((s) is free of
zeros in o > %, the reciprocal

-1 5)

has an analytic continuation to the half plane o > % This turns out to be equivalent
to the estimate

(16.1) 3 pln) < z3t.

n<zx

Now assume that the values p(n) behave like independent random variables X,, with
PX,=+41)=P(X,=-1) =
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Then .
Z() =0 und Zn = ZXJ
j=1

defines a random walk, and formula (3.2) yields

g

From that point of view the validity of formula (16.1), and therefore the truth of
RIEMANN’s hypothesis seems highly probable.

> X,

n<zx

< cn%) — ®(c).

"It is evident that the primes are randomly distributed
but, unfortunately, we don’t know what random’ means.”
R.C. VAUGHAN

81



Bibliography

[1] CESARO, Démonstration élémentaire et généralisation de quelques théorémes
de M. Berger, Mathesis 1 (1881), 99-102

2] H. CRAMER, On the order of magnitude of the difference between consecutive
primes, Acta Arith. 2 (1936), 23-46

[3] H. DELANGE, Sur de formules de Atle Selberg, Acta Arith. 19 (1971), 105-146

[4] A. DENJOY, L’Hypothese de Riemann sur la distribution des zéros de ((s),
reliée a la théorie des probabilites, C.R.Acad. Sci. Paris 192 (1931), 656-658

[5] J.-M. DESHOUILLERS, F. DRESs, G. TENENBAUM, Lois de répartition des
diviseurs 1, Acta Arith. 23 (1979), 273-285

6] P.D.T.A. ELLIOTT, Probabilistic Number Theory I, II, Springer 1979

(7] P. ErRDOS, M. KAc, On the Gaussian law of errors in the theory of additive
functions, Proc. Nat. Acad. Sci. USA 25 (1939), 206-207

(8] P. ERDOS, A. WINTNER, Additive arithmetical functions and statistical inde-
pendence, Amer. J. Math. 61 (1939), 713-721

9] W.J. FELLER, An introduction to probability theory and its applications, John
Wiley 1950

[10] C.F. GAuss, Collected Works, Teubner 1917

[11] G. HALASZ, Uber die Mittelwerte multiplikativer zahlentheoretischer Funktio-
nen, Acta Math. Acad. Sci. Hung. 19 (1968), 365-403

[12] H. HALBERSTAM, K.F. ROTH, Sequences, Oxford 1966

[13] G.H. HARDY, S. RAMANUJAN, The normal number of prime factors of a
number n, Quart. J. Math. (Oxford) 48 (1917), 76-92

82



[14]

[15]
[16]
[17]

[18]

[19]

[20]

[21]

[22]

23]
24]
25]
26]
27)
28]

[29]

G.H. HARrRDY, E.M. WRIGHT, An introduction to the theory of numbers, Ox-
ford 1938

E. HLAWKA, Theorie der Gleichverteilung, BIB Mannheim 1979
J. JAcoD, P. PROTTER, Probability Essentials, Springer 2000

M. KAc, Statistical Independence in Probability, Analysis and Number Theory,
Carus Mathematical Monographs, John Wiley 1959

J. KUBILIUS, Probabilistic Methods in the Theory of Numbers, AMS Mono-
graphs 1964

J. KUBILIUS, Estimation of the central moment for strongly additive arithmetic
functions, Lietovsk. Mat. Sb. 23 (1983), 110-117 (in Russian)

E. LANDAU, Handbuch der Lehre von der Verteilung der Primzahlen, Teubner
1909

S. LANG, Complexr Analysis, Springer 1977

M. MENDES FRANCE, G. TENENBAUM, The Prime Numbers and their distri-
bution, AMS 2000

W. NARKIEWICZ, The development of prime number theory, Springer 2000
A. RENYI, P. TURAN, On a theorem of Erdos-Kac, Acta Arith. 4 (1958), 71-84

L.G. SATHE, On a problem of Hardy and Ramanujan on the distribution of

integers having a given number of prime factors I, I1I, J. Indian Math. Soc. 17
(1953), 63-141; 18 (1954), 27-81

A. SCHINZEL, Generalisation of a theorem of B.S.K.R. Somayajulu on the
Euler’s function ¢(n), Ganita 5 (1954), 123-128

M.R. SCHROEDER, Number theory in science and communication, Springer
1997, 3rd ed.

W. SCHWARZ, J. SPILKER, Arithmetical Functions, London Math. Soc. Lec-
ture Notes 184, Cambridge 1994

A. SELBERG, Note on a paper by L.G. Sathe, J. Indian Math. Soc. B. 18 (1954),
83-87

83



[30] G. TENENBAUM, Introduction to analytic and probabilistic number theory,
Cambridge University Press 1995

[31] P. TURAN, On a theorem of Hardy and Ramanugjan, J. London Math. Soc. 9
(1934), 274-276

[32] H. WEYL, Uber die Gleichverteilung von Zahlen mod Eins, Math. Annalen 77
(1916), 313-352

[33] E. WIRSING, Das asymptotische Verhalten von Summen tiber multiplikative
Funktionen II, Acta Math. Acad. Sci. Hung. 18, 411-467

84



